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·K 5.9 � a, b ∈ Z� n´�u 1���ê. K

a ≡n b ⇐⇒ rem(a, n) = rem(b, n).

y². � a ≡n b. K�3 m ∈ Z¦� a − b = mn. d

d�� a = b + mn. � b = qn + r, Ù¥ q = quo(b, n)Ú

r = rem(b, n). K a = (q+m)n+r. Ï� r ∈ {0, 1, . . . , n−1},
¤±{ê���5%¹ r = rem(a, n). �

rem(a, n) = rem(b, n).

��, � rem(a, n) = rem(b, n). KdØ{úª��

a− b = (quo(a, n)− quo(b, n))n.

� n|(a− b), = a ≡n b. �

5.3 �daÚû8

�∼´ Sþ��d'X, x∈S. K'u x��da´

x̄ = {y ∈ S|x ∼ y}.

d	, x̄¥�?Û����Ñ´T�da����L�.

5) 5.10 � ∼´ S þ��d'X, x ∈ S. �âg�5,

x ∈ x̄.
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·K 5.11 � ∼´8Ü S þ��d'X, x, y ∈ S.

(i) x ∼ y ⇐⇒ x̄ = ȳ.

(ii) x � y ⇐⇒ x̄ ∩ ȳ = ∅.

y². (i) � x ∼ y� a ∈ x̄. K x ∼ a. �âé¡5, y ∼ x.

2dD45, y ∼ a. u´, a ∈ ȳ. ·��� x̄ ⊂ ȳ. Ón

ȳ ⊂ x̄. � x̄ = ȳ. ��, � x̄ = ȳ. �â5º 5.10, x ∈ x̄Ú
y ∈ ȳ. � y ∈ x̄. dd�Ñ, x ∼ y.

(ii) d (i)��, x̄ ∩ ȳ = ∅ =⇒ x � y. ��, � x � y.

e z ∈ x̄ ∩ ȳ. K x ∼ z Ú y ∼ z. �âé¡5ÚD45,

x ∼ y. gñ. �

ÓÆ�d'X ∼céA��da´T¥Æ¤k��,

z�ÓÆÑ´¤3���L�. 8Ü Z'u ≡2�kü�

�da: óê8ÚÛê8. óê8�P� 0̄, 2̄, −2, . . . , 


Ûê8��L��P� 1̄, −1, 3̄, −3, . . . ,

~ 5.12 �m ∈ Z+. K Z'u ≡m��da´

0̄ = {km|k ∈ Z}, 1̄ = {km + 1|k ∈ Z},

. . . , m− 1 = {km + m− 1|k ∈ Z}.

½Â 5.13 � ∼´ S þ��d'X. 'u ∼�¤k�d
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a�8Ü¡� S 'u ∼�û8. P� S/∼. N�

π : S −→ S/∼
x 7→ x̄

¡�'u ∼�ûN�½g,Ý�.

5¿�ûN�´÷�. éu�d'X ∼c, ÙûN�Ò
´�äz ÓÆ´=���. éu≡2, ÙûN�Ò´�ä

z��ê�Ûó5.

5.4 8Ü�y©

½Â 5.14 � S´��8, P ´ S¥�
��f8|¤�

8Ü(k�½Ã�). XJ

(i) é?¿Ø��� U, V ∈ P, U ∩ V = ∅,

(ii) S =
⋃
U∈P U ,

K¡ P ´ S ���y© (partition).

� ∼´ S þ��d'X. �â·K 5.11Ú�d'X�g

�5, S/∼´ S���y©. ��, � P ´ S���y©.

·�½Â Sþ���'X∼P Xe: é x, y ∈ S,XJ�3

U ∈ P ¦� x, y ∈ U , K x ∼P y.

e¡·�5�y ∼P ´�d'X. d½Â 5.14¥�^

� (ii)��, é?¿ x ∈ S, �3 U ∈ P ¦� x ∈ U . u
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´, x ∼P x. g�5¤á. � x ∼P y. K�3 U ∈ P ¦
� x, y ∈ U . � y, x ∈ U . u´, y ∼P x. é¡5¤á. �

x ∼P yÚ y ∼P z. K�3�3 U, V ∈ P , ¦� x, y ∈ U Ú
y, z ∈ V . u´, y ∈ U ∩ V . d½Â 5.14¥�^� (ii)��,

U = V . � x, z ∈ U . l
, x ∼P z. D45¤á. ¡ ∼P ´
dy© P p���d'X.

�â·K 5.11, éu�½�8Ü S þ��d'X ∼,

y© S/∼p���d'XÒ´∼.

��, éu�½�8Ü S �y© P , Ùp��d'X

�û8 S/∼P Ò´ P . �yXe:

k�y S/∼P ⊂ P . � U ∈ S/∼P . K�3 x ∈ S ¦
� U = x̄, ��3 V ∈ P ¦� x ∈ V . ·�5y² U = V .

� y ∈ U . K y ∈ x̄. = y ∼P x. ��3 W ∈ P ¦�
x, y ∈ W . u´, x ∈ V ∩W . d©y�½Â�� V = W .

u´, y ∈ V . ·��� U ⊂ V . ��, � y ∈ V . K y ∈ V .

� y ∈ x̄ = U . dd�Ñ U = V . l
, U ∈ P . 'X

S/∼P ⊂ P ¤á.

2�y P ⊂ S/∼P . � U ∈ P . Ï� U ��, ¤±�

� x ∈ U . ·�5�y U = x̄. � y ∈ U . K y ∼P x. �

y ∈ x̄. ·�k U ⊂ x̄. ��, � y ∈ x̄. K y ∼P x. ��

3W ∈ P ¦� x, y ∈ W . �þãínaq�� U = W .

u´, y ∈ U . l
�Ñ x̄ ⊂ U . �U = x̄ ∈ S/∼P . 'X
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P ⊂ S/∼P ¤á.

nþ¤ã, (Ø S/∼P = P ¤á.

Ïd, �d'XÏLÙû8é8Ü©a, 
ûN�¿

�Xé8Ü¥���8a. ,��¡, é8Ü��?1©

a(y©)Ò´38ÜþÚ\���d'X.

~ 5.15 � S = [0, 3]× [0, 1]. -

P ={{(x, y)} | (x, y) ∈ S � 0 < x < 3}

∪ {{(0, y), (3, y)} | 0 ≤ y ≤ 1}.

K S/∼P ´���Î. -

Q ={{(x, y)} | (x, y) ∈ S � 0 < x < 3}

∪ {{(0, y), (3, 1− y)} | 0 ≤ y ≤ 1}.

K S/∼Q´Möbius�.

5.5 N�©)½n

½Â 5.16 � f : S −→ T ´N�. XJ f (x) = f (y), K

P x ∼f y. ¡ ∼f ´d f p���d'X.

·�5�y ∼f ´�d'X. é?¿ x ∈ S, f (x) = f (x).

u´, x ∼f x. g�5¤á. � x ∼f y. K f (x) = f (y).

� f (y) = f (x). u´, y ∼f x. é¡5¤á. � x ∼f yÚ

5



y ∼f z. K f (x) = f (y)� f (y) = f (z). � f (x) = f (z). u

´, x ∼f z. D45¤á. �y�..

~ 5.17 �

f R2 −→ R
(x, y) 7→

√
x2 + y2

.

K R2¥ü:'u ∼f �d��=�ùü:3±�:��
%�Ó%�þ. 
 R2/∼f ´±�:��%�¤k��¤
�8Ü.

½n 5.18 � f : S −→ T ´N�, π´'u ∼f �ûN�.

K�3���N� f̄ : S/∼f −→ T ¦� f = f̄ ◦ π, �T
N�´ü�.

S
f

π
T

f̄

(S/∼f)

y². �:

f̄ : S/∼f −→ T

x̄ 7→ f (x).

Ï� x̄�UkØÓ��L�, ¤±·�I��y f̄ ´û½

Â�. � x̄ = ȳ. �â·K 5.11, x ∼f y. = f (x) = f (y). �

f̄ (x̄) = f̄ (ȳ). u´, f̄ ´û½Â�.
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é?¿ x ∈ S, f̄ ◦ π(x) = f̄ (x̄) = f (x). � f = f̄ ◦ π.

�35¤á.

2� g : S/∼f −→ T ´N�¦� f = g ◦ π. Kéu?

¿ x ∈ S,

f (x) = g ◦ π(x) =⇒ g(x̄) = f (x) = f̄ (x̄).

= g = f̄ . ��5¤á.

� f̄ (x̄) = f̄ (ȳ). K f (x) = f (y). � x ∼f y. �â·K

5.11 (i), x̄ = ȳ. � f̄ ´ü�. �

~ 5.19 � S ´,¥Æ�NÆ)�8Ü, T ´T¥Æ�N

P��8Ü. ½Â:

f : S −→ T

x 7→ x��Ì?.

K ∼f ´'uÓÆ��d'X ∼c. û8 S/∼f ´T¥Æ¤
k��. 
p�N� f̄ r�N��Ì?, §w,´ü�.

�

~ 5.20 �m ∈ Z+. ½Â:

r : Z −→ Z
x 7→ rem(x,m).

K ∼r´'um�Ó{'X. û8 S/∼r´8Ü

{0̄, 1̄, . . . ,m− 1}.
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p�N� r̄ r x̄N� x̄����K�L� rem(x,m),

§w,´ü�. �

5.6 S'X

½Â 5.21 � �´8Ü S þ���'X. XJ

(i) é?¿ x ∈ S, x � x (g�5),

(ii) XJ x, y ∈ S � x � y Ú y � x, K y = x (�é¡

5),

(iii) XJ x, y, z ∈ S, x � y� y � z, K x � z (D45),

K¡ �´ S. ?
, � �´ S þ� S. XJé?¿

x, y ∈ S, ·�k x � y½ y � x. K¡ �´�S.

~ 5.22 3¢ê8þ, ≤Ú≥Ñ´�S. � S´��8Ü,

T ´ S¥¤kf8�8Ü. K ⊂Ú ⊃´ T þ� S'X.
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