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5.6 S'X

½Â 5.21 � �´8Ü S þ���'X. XJ

(i) é?¿ x ∈ S, x � x (g�5),

(ii) XJ x, y ∈ S � x � y Ú y � x, K y = x (�é¡

5),

(iii) XJ x, y, z ∈ S, x � y� y � z, K x � z (D45),

K¡ �´ S. ?, � �´ S þ� S. XJé?¿

x, y ∈ S, ·�k x � y½ y � x. K¡ �´�S.

~ 5.22 3¢ê8þ, ≤Ú≥Ñ´�S. � S´��8Ü,

T ´ S¥¤kf8�8Ü. K ⊂Ú ⊃´ T þ� S'X.

½Â 5.23 � �´8Ü S þ� S'X, z ∈ S. XJØ
�3 x ∈ S \ {z}¦� z � x, K¡ z ´ S ¥'u ��4
��. XJéu?¿ x ∈ S, ·�Ñk x � z. K¡ z ´ S

¥'u �����. aq/, ·��±½Â'u S�4

��Ú���.

5) 5.24 4��¿�X8Ü S ¥vkÙ§��'§�

�. ���¿�X8Ü S ¥�Ù§��Ñ'§�. é4�

�Ú���kaq��*£ã.
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5) 5.25 � �´8Ü S þ� S'X, z1 Ú z2 ´'u

��ü����. K z1 � z2 Ú z2 � z1. �â�é¡5

z1 = z2. ������3�, §´���. d�§�´�

��4��. aq�(Ø�·^u���Ú4��.

~ 5.26 � S = {1, 2, 3}, T ´ S �¤kýf8|¤�

8Ü. K ⊂ ´ T þ� S. 'uT S�4��´

{1, 2}, {2, 3}, {1, 3}, vk���. 'uT S����

´ ∅, �´���4��. �

6 ��

6.1 ���½ÂÚ¦{

� T ´¹k n����8Ü. ·�Ø��

T = {1, 2, . . . , n}.

- Sn´l T � T �¤kV��8Ü. K card(Sn) = n!.

� σ ∈ Sn¦� σ(k) = ik, k = 1, 2, . . . , n. ·��±r

σL«�

σ =

1 2 . . . n

i1 i2 . . . in

 ,

Ù¥ i1, i2, . . . , in ∈ T , üüØÓ. ·�¡ σ ´��'u
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1, 2, . . . , n���. � e´ T þ�ðÓN�, =

e =

1 2 . . . n

1 2 . . . n

 ,

Ï�V��EÜE´V�, ¤±, é?¿ σ, τ ∈ Sn, σ ◦ τ ∈
Sn. ·�r σ ◦ τ {P� στ ,¿{¡� σÚ τ �È.dN�

EÜ�5���, é?¿ σ, τ, δ ∈ Sn,

(στ )δ = σ(τδ) Ú eσ = σe = σ.

qÏ� σ´V�, ¤± σ−1 ∈ Sn�

σσ−1 = σ−1σ = e.

~ 6.1 �3 S4¥

σ =

1 2 3 4

2 3 1 4

 Ú τ =

1 2 3 4

4 3 2 1

 .

O� στ Ú τσ,

). �âN�EÜ�½Â��:

στ =

1 2 3 4

2 3 1 4

1 2 3 4

4 3 2 1

 =

1 2 3 4

4 1 3 2

 .

Ú

τσ =

1 2 3 4

4 3 2 1

1 2 3 4

2 3 1 4

 =

1 2 3 4

3 2 4 1

 .
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5) 6.2 3þ~¥, στ 6= τσ. � Sn¥�¦{Ø÷v��

Æ. AO/,

(στ )2 = στστ

��Ø�u σ2τ 2.

� k ∈ Z, σ ∈ Sn. XJ k > 0, K

σk := σ ◦ · · · ◦ σ︸ ︷︷ ︸
k

.

� k = 0�, σk := e. � k < 0,

σk := σ−1 ◦ · · · ◦ σ−1︸ ︷︷ ︸
−k

.

����y, é?¿ i, j ∈ Z,

σiσj = σi+j, σij = (σi)j = (σj)i.

�âB�ø�5K, é?¿ τ ∈ Sn,

(στ )−1 = τ−1σ−1.

Ún 6.3 � σ ∈ Sn. K�3 k ∈ Z+¦� σk = e.

y². �ÄÃ¡S�: σ, σ2, . . . . K�3 i, j ∈ Z+� i < j

¦� σj = σi. u´, σj−i = e. �

½Â 6.4 � σ ∈ Sn. ¦� σk = e�����ê¡� σ�

�, P� ord(σ).
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~ 6.5 �

σ =

1 2 3 4

2 3 1 4

 ∈ S4.

¦ ord(σ).

). ��O��

σ2 =

1 2 3 4

2 3 1 4

1 2 3 4

2 3 1 4

 =

1 2 3 4

3 1 2 4

 .

?,

σ3 = σσ2 =

1 2 3 4

2 3 1 4

1 2 3 4

3 1 2 4

 =

1 2 3 4

1 2 3 4

 = e.

u´, ord(σ) = 3.

·K 6.6 � σ ∈ Sn � k = ord(σ). Ké?¿ m ∈ Z,
σm = e ⇐⇒ k|m.

y². � q = quo(m, k), r = rem(m, k). K

σm = σqk+r = (σk)qσr = σr.

u´, σm = e⇐⇒ σr = e. Ï� 0 ≤ r < k, ¤±

σm = e⇐⇒ r = 0. �
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6.2 Ì�©)

½Â 6.7 � σ ∈ Sn. XJ�3 i1, i2, . . . , ik ∈ T üüØÓ
¦�

σ(i1) = i2, σ(i2) = i3, . . . , σ(ik−1) = ik, σ(ik) = i1

�é?¿m ∈ T \ {i1, . . . , ik},

σ(m) = m,

K¡ σ ´���Ý� k �Ì�. ·�rù��Ì�P�

(i1i2 . . . ik).

5¿�

(i1i2, . . . , ik) = (i2i3 . . . iki1) = (i3i4 . . . iki1i2) = · · · .

d	, �Ý� 1�Ì��k e.

~ 6.8 ����yÌ� (i1i2 . . . ik)
−1 = (ikik−1 . . . i2i1).

Ún 6.9 � σ ∈ Sn´�Ý� k�Ì�. K ord(σ) = k.

y². � σ = (i1i2 . . . ik)�m ∈ {1, 2, . . . , k − 1}, K

σm(i1) = i1+m.

� σm 6= e.  σk(i1) = i1. 5¿�é?¿ ` ∈ {2, . . . , k},

σ = (i`i`+1 . . . ik . . . i1 . . . i`−1).
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� σk(i`) = i`. u´, σk = e. ·��� ord(σ) = k. �

ðÓN��¡��Ý�u 1�Ì�, §´²��.

~ 6.10 r

σ =

1 2 3 4 5 6 7 8 9

9 3 2 4 5 7 6 1 8


�¤pØ���Ì��È.

). σ = (198)(23)(67).

� σ ∈ Sn. ½ÂMσ = {i ∈ {1, . . . , n} |σ(i) 6= i}.

~ 6.11 ·�kMe = ∅ÚM(i1,...,ik) = {i1, . . . , ik}.

Ún 6.12 � σ ∈ Sn� i ∈Mσ. K σ(i) ∈Mσ.

y². b�� σ(i) /∈ Mσ. K σ2(i) = σ(i). ü>Ó��^

σ−1� σ(i) = i, gñ. �

Ún 6.13 � σ, τ ∈ SnpØ��. K στ = τσ.

y². XJ σ = e½ τ = e, K(Øw,¤á.

� σ 6= eÚ τ 6= e. - i ∈ Mσ. K i /∈ Mτ . � τ (i) = i.

l, στ (i) = σ(i). ,��¡, Ún 6.12%¹ σ(i) ∈ Mσ.

� σ(i) /∈Mτ . ·�k τσ(i) = σ(i). u´, é?¿ i ∈Mσ,

στ (i) = τσ(i).
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aq/, é?¿ j ∈Mτ , στ (j) = τσ(j).

é?¿ k ∈ {1, 2, . . . , n} \ (Mσ ∪Mτ ),

στ (k) = k = τσ(k)

w,¤á. nþ¤ã, στ = τσ. �

½Â 6.14 � σ, τ ∈ Sn. XJMσ ∩Mτ = ∅, K¡ σ Ú τ

´ü�pØ�����.

·K 6.15 � σ ∈ Sn \ {e}. K σ ´k��üüpØ��

��Ý�u 1�Ì��È.

y². ·�é card(Mσ)8B.

�âÚn 6.12, card(Mσ) > 1. XJ card(Mσ) = 2, K

�Mσ = {i1, i2}. 2|^Ún 6.12�� σ = (i1i2). �é

2 ≤ card(Mσ) < m(ØÑ¤á. �Ä card(Mσ) = m��

/. � i1 ∈ Mσ� p = ord(σ). K σp(i1) = i1. u´, �3�

���ê k¦� σk(i1) = i1. K

i1, i2 := σ(i1), . . . , ik := σk−1(i1) (1)

üüØÓ. ÄK, �3 r, s ∈ {0, 1, . . . , k − 1}¦� r < s�

σs(i1) = σr(i1). K σs−r(i1) = i1. � 0 < s− r < k,gñ. d

(1)Ú σ(ik) = σk(i1) = i1��, Ì� τ = (i1i2, . . . ik)÷v
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τ (i1) = σ(i1), . . . , τ (ik−1) = σ(ik−1), τ (ik) = i1 = σ(ik). �

ó�,

τ−1σ(i1) = i1, . . . , τ
−1σ(ik−1) = ik−1, τ

−1σ(ik) = ik.

- λ=τ−1σ. K i1, . . . , ik /∈Mλ. � j∈{1, 2, . . . , n}\Mσ.

K j /∈ {i1, . . . , ik}. � λ(j) = τ−1σ(j) = τ−1(j) = j. u´,

Mλ ⊂Mσ \ {i1, . . . , ik} =⇒ card(Mλ) < m.

XJMλ = ∅, K λ = e. � σ = τ ´Ì�. ÄK, 8Bb�

%¹ λ = λ1 · · ·λs,Ù¥ λ1, . . . , λs´üüpØ���Ì�.

qÏ� i1, . . . , ik /∈ Mλ, ¤±z�Ì� λ1, . . . , λs� τ ÑØ

��. l σ = τλ = τλ1 · · ·λs=�¤¦. �

e¡5y²þã½n¥Ì�©)���5.

½n 6.16 � σ ∈ Sn \ {e}. K3ØOÌ�Ñy^S�c
Je, σ �±��/�¤k��üüpØ���(�Ý�

u 1�)Ì��È.

y². ©)��35�·K 6.15. e¡y²��5. �

σ = τ1 · · · τp = λ1 · · ·λq,

Ù¥ τ1, . . . , τp´�|üüpØ���Ì�, λ1, . . . , λq ´

,�|pØ���Ì�. ·��y² p = q�·�N�e

I�, τ1 = λ1, . . . , τp = λp.
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·�é p8B. � τ1 = (i1i2 . . . ik). K i1 ∈ Mσ, � i1

¬������1�|�Ì�£Ä. dÚn 6.13��, Ø

�� λ1£Ä i1. K

σ(i1) = τ1τ2 · · · τp(i1) = τ1(i1) = i2

�

σ(i1) = λ1λ2 · · ·λp(i1) = λ1(i1).

� λ1(i1) = i2. AO/, i23Ì� λ1¥Ñy�Ø3Ù§Ì

�¥Ñy. |^þãín�ª�� λ1(i2) = i3. ?

λ1(ij) = ij+1, j ∈ {3, . . . , k − 1} � λ1(ik) = i1.

u´, λ1 = τ1. AO/, � p = 1�, σ = τ1 = λ1.

� p > 1�(Øé p− 1¤á. K�â τ1 = λ1,·�k

τ2 · · · τp = λ2 · · ·λq. d8Bb���, p = q�3·�N�

eI�, τ2 = λ2, . . . , τp = λp. �

íØ 6.17 � σ ∈ Sn \ {e}´pØ���Ì� τ1, . . . , τm

�È. K ord(σ) = lcm(ord(τ1), . . . , ord(τm)).

y². � `i = ord(τi), i = 1, . . . ,m, ` = lcm(`1, . . . , `m). -

` = ki`i,

Ù¥ ki ∈ Z+, i = 1, 2, . . . ,m. 1nùÚn 6.11%¹

σ` = τ `1 · · · τ `m = τ `1k11 · · · τ `mkmm = e.
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� k = ord(σ). �â1nù·K 6.6, k|`. ·�k

σk = τ k1 · · · τ km = e.

Ø�� τ1(1) 6= 1. Ï� τ1 � τ2, . . . , τm ÑØ��, ¤±

τ2(1) = · · · = τm(1) = 1. u´, τ k1 (1) = 1. � τ k1 = e. �â

1nù·K 6.6, ·��� `1|k. Ón, `2|k, . . . , `m|k. � k

�´ `1, . . . , `k�ú�ê. 2�â k|`��, k = `. �

~ 6.18 O�σ =

1 2 3 4 5 6 7 8 9 10

3 5 4 6 10 8 2 9 1 7

 ��.

). σ = (134689)(25107) =⇒ ord(σ) = lcm(6, 4) = 12.

·K 6.19 � σ, (i1, . . . , ik) ∈ Sn. K

σ(i1, . . . , ik) = (σ(i1), . . . , σ(ik))σ.

y². � a ∈ {1, . . . , n} \ {i1, . . . , ik}. K

σ(i1, . . . , ik)(a) = σ(a) Ú (σ(i1), . . . , σ(ik))σ(a) = σ(a).

� j ∈ {1, . . . , k − 1}. K

σ(i1, . . . , ik)(ij) = σ(ij+1) Ú (σ(i1), . . . , σ(ik))σ(ij) = σ(ij+1).

?,

σ(i1, . . . , ik)(ik) = σ(i1) Ú (σ(i1), . . . , σ(ik))σ(ik) = σ(i1).

nþ¤ã, σ(i1, . . . , ik) = (σ(i1), . . . , σ(ik))σ. �
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6.3 ó��ÚÛ��

�Ý�u 2�Ì�¡�é�(transposition). é��_

Ò´Ù��.

Ún 6.20 ?Û����Ñ´eZ�é��È.

y². �â½n 6.16, ��y²?Û��Ì��±�¤e

Z�é��È=�. ·��y:

(i1i2 · · · ik) = (ikik−1) · · · (iki2)(iki1), (2)

Ù¥ k > 2. - σ = (ikik−1) · · · (iki2)(iki1).
éu?¿ j ∈ {1, 2, . . . , n} \ {i1, . . . , ik}, (i1, . . . , ik)Ú

σÑr jN¤ j. � ` ∈ {1, 2, . . . , k − 2}. K

σ(i`) = (ikik−1) · · · (iki`+2)︸ ︷︷ ︸ (iki`+1)(iki`)︸ ︷︷ ︸ (i`)
= (ikik−1) · · · (iki`+2)︸ ︷︷ ︸ (i`+1)

= i`+1.

 σ(ik−1)=(ikik−1)(ik−1)=ik. l, (i1, . . . , ik−1)(ik)=σ(ik).

�ª (2)¤á. �

~ 6.21 r

σ =

1 2 3 4 5 6

2 4 3 1 6 5


�¤é��È.
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). dÌ�©)ÚþãÚn��:

σ = (124)(56) = (42)(41)(56).

Ún 6.22 � σ, τ ∈ Sn ü�é�, σ = (st)� σ 6= τ . K

Sn¥�3ü�é� σ′Ú τ ′÷v

σ′(s) = s, τ ′(s) 6= s � τσ = τ ′σ′.

y². � τ = (uv).

�/ 1. XJ {s, t} ∩ {u, v} = ∅, K- τ ′ = σÚ σ′ = τ . d

1nùÚn 6.11��, τσ = τ ′σ′.

�/ 2. � τ = (su). K u 6= t. - τ ′ = σÚ σ′ = (tu). �â

·K 6.19, (su)(st) = (st)(tu). � σ′ = (tu)Ú τ ′ = (st)=

�.

�/ 3. � τ=(tu). Ku6=s. �â·K 6.19, (tu)(st)=(su)(tu).

� τ ′ = (su)Ú σ′ = τ =�. �

Ún 6.23 � τ1, . . . , τk ∈ Sn´é�. XJ τ1 · · · τk = e, K

k´óê.

y². ·�ky²e�äó:

äó. � k > 2. K e�±�¤ k − 2�é��È.

äó�y². XJ τk−1 = τk, K τk−1τk = e. ·�k

τ1 · · · τk−2 = e. äó¤á.
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ÄK τk−1 6= τk. � s ∈ {1, 2, . . . , n}÷v τk(s) 6= s.

�âÚn 6.22, �3é� τ ′k−1, τ
′
k ∈ Sn ÷v τ ′k(s) = s,

τ ′k−1(s) 6= s� τ ′k−1τ
′
k = τk−1τk. u´ e = τ1 · · · τk−2τ ′k−1τ ′k.

AO/, �mý�é�Ø£Ä s.

e¡�Ä τk−2, τ
′
k−1. XJ τk−2τ

′
k−1 = e, K e´ k − 2

�é��È. ÄK, Ún 6.22%¹�3é� τ ∗k−2Ú τ ∗k−1÷

v τ ∗k−1(s) = s, τ ∗k−2(s) 6= sÚ τk−2τ
′
k−1 = τ ∗k−2τ

∗
k−1. u´

e = τ1 · · · τ ∗k−2τ ∗k−1τ ′k.

AO/, �mý�ü�é�ÑØ£Ä s, � τ ∗k−2£Ä s.

±daí, ·��oy² e´ k − 2�é��È; �o

�Ñ e = λ1λ2 · · ·λk, Ù¥ λ1, . . . , λk ∈ Sn´é�, ÷v

λ1(s) 6= s, � λ2(s) = · · ·λk(s) = s.

�ù¿�X e(s) 6= s. gñ. äó¤á.

�E|^äó��, k´óê. �

½n 6.24 � σ ∈ Sn. � σ = λ1 · · ·λk = µ1 · · ·µm, Ù¥
λ1, . . . λk, µ1, . . . , µmÑ´é�. K kÚm�Ûó5�Ó.

y². dB�ø�5K��, e = λ1 · · ·λkµ−1m · · ·µ−11 . Ï�

é��_´Ù��, ¤±Ún 6.23%¹ k +m´óê. u

´, kÚm�Ûó5�Ó. �
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½Â 6.25 � σ ∈ Sn. XJ σ �±�¤Ûê�é��È,

K¡ σ ´Û��. ÄK¡�ó��. AO/, e´ó��.

Û���ÎÒ½Â� −1, ó���ÎÒ� 1. �� σ�Î

ÒP� εσ.

þã½n`²���ÎÒ´û½Â�.

Ún 6.26 � σ, τ ∈ Sn. K εστ = εσετ .

y². 5¿�ü�ÓÒ���È´ó��, ü�ÉÒ�

��È´Û��. �

5) 6.27 �EA^þã½n��, é σ1, . . . , σk ∈ Sn,

εσ1···σk = εσ1 · · · εσk.

PÒ. ¤k Sn¥ó���8ÜP� An.

~ 6.28 � σ ∈ SnÚ τ ∈ An. K σ−1τσ ∈ An.

y². þã5)%¹:

εσ−1τσ = εσ−1ετεσ = εσ−1εσ = εσ−1σ = εe = 1. �

íØ 6.29 � σ ∈ Sn� σ = τ1 · · · τk, Ù¥ τ1, . . . , τk ´ü

üpØ���Ì�.K σ�Ûó5��ê
∑k

i=1(ord(τi)−1)
�Ó. = εσ = (−1)

∑k
i=1(ord(τi)−1).
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y². � τ = (i1 . . . im). �âÚn 6.20, τ = (imim−1) · · · (imi1).
u´, ετ = (−1)m−1. 2�â1nùÚn 6.9 ��, m =

ord(τ ). � ετ = (−1)ord(τ)−1. dþãÚnÚ5)��

εσ = (−1)
∑k

i=1(ord(τi)−1). �

~ 6.30 (½e�����ê¿�½ÙÛó5:

π =

 1 2 3 4 5 6 7 8 9 10

3 8 6 10 7 4 5 9 2 1

 .

). O�� π = (136410)(289)(57). u´

ord(π) = lcm(5, 3, 2) = 30.

? επ = (−1)4+2+1 = −1. � π´Û��.

·K 6.31 - An ´ Sn ¥¤kó���8Ü. y²: �

n > 1�, card(An) = n!/2.

y². � Bn´ Sn¥¤kÛ���8Ü. ½Â:

φ : An −→ Bn

σ 7→ (12)σ
Ú

ψ : Bn −→ An

τ 7→ (12)τ
.

K

ψ ◦ φ(σ) = (12)(12)σ = σ � φ ◦ ψ(τ ) = (12)(12)τ = τ.

� ψ ◦ φ = idAn� φ ◦ ψ = idBn. d1�ù·K 4.14��, φ

´V�. � card(An) = card(Bn). qÏ� Sn = An ∪ Bn�

An ∩Bn = ∅. u´, card(An) = n!/2. �
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