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1.3 �I�m¥�f�m

½Â 1.14 � U ´ Rn¥���f8. XJé?¿ x,y∈U
Ú α ∈ R,

(i) (\{µ45) x + y ∈ U ,

(ii) (ê¦µ45) αx ∈ U .

K¡ U ´ Rn¥�f�m(subspace).

~ 1.15 �I�m Rnkü�²��f�m {0}Ú Rn.

~ 1.16 � U ´ Rn�f�m. K 0 ∈ U .
y². � x ∈ U . K 0 = 0x ∈ U . �

·K 1.17 � U ´ Rn¥���f8. Ke�·K�d.

(i) U ´f�m;

(ii) U ¥?¿ü��þ��5|ÜE3 U ¥;

(iii) é?¿ u1, . . . ,uk ∈ U , u1, . . . ,uk �?¿�5|Ü

Ñ3 U ¥.

1



y². “(i) =⇒ (ii)”� x,y´ U ¥?¿�ü��þ, α, β

´?¿ü�¢ê. XJ U ´f�m, K αx, βy ∈ U (ê

¦µ45). l αx + βy ∈ U (\{µ45). ��, �

αx + βy ∈ U . � α = β = 1��\{µ45, � β = 0�

�ê¦µ45. � U ´f�m.

“(ii) =⇒ (iii)”� k = 1, 2�, (ii)%¹ u1,u2 �¤k

�5|ÜÑ3 U ¥. � k > 2 �� U ¥?Û k − 1 �

�þ��5|ÜÑ3 U ¥. é?¿ α1, . . . , αk−1, αk ∈ R,

u1, . . . ,uk−1,uk ∈ U , ·�k

k∑
i=1

αiui =

(
k−1∑
i=1

αiui

)
+ αkuk ∈ U.

“(iii) =⇒ (i)”d�5|Ü�½Â���Ñ. �

~ 1.18 � v ∈ Rn. K {λv |λ ∈ R}´f�m.

� x,y ∈ Rn. K {αx + βy |α, β ∈ R} ´f�m.

~ 1.19 � A ∈ Rm×n, ÙéA� n�àg�5�§|P

� H. �y sol(H)´ Rn¥�f�m.

y². �

v =


α1

...

αn

 , w =


β1

...

βn


´ H �ü�). K

α1
~A(1) + · · · + αn ~A

(n) = 0m, β1
~A(1) + · · · + βn ~A

(n) = 0m.
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- λ, µ´ü�¢ê, u = λv + µw. K

u =


λα1 + µβ1

...

λα1 + µβn

 .



n∑
j=1

(λαj+µβj) ~A
(j) = λ

 n∑
j=1

αj ~A
(j)

+µ

 n∑
j=1

βj ~A
(j)

 = 0m.

� u ∈ sol(H). �â·K 1.17, sol(H)´f�m. �

~ 1.20 � p, q ∈ QØ��",

S =


α
β

 | pα + qβ = 0, α, β ∈ Q

 .

S ´Ä´ Rn�f�m?

�. Ø´. Ï�−q
p

 ∈ S �
√

2

−q
p

 /∈ S. �

·K 1.21 � Λ´���I8, é?¿ λ ∈ Λ, Uλ´ Rn¥
�f�m. K

⋂
λ∈ΛUλ�´f�m.

y². � v,w ∈
⋂
λ∈ΛUλ, α, β ∈ R. Ï� v,w ∈ Uλ, ¤±

αu + βv ∈ Uλ (·K 1.17). dd��, αu + βv ∈
⋂
λ∈ΛUλ.

�
⋂
λ∈ΛUλ´f�m(·K 1.17). �
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~ 1.22 �Äàg�5�§| H
a1,1x1 + · · · + a1,nxn = 0

...

am,1x1 + · · · + am,nxn = 0

� Vi = sol(ai,1x1 + · · · + ai,nxn = 0), i = 1, 2, . . . ,m. K

sol(H) = ∩mi=1Vi. �

� S1, . . . , Sk ´ Rn���f8. ·�½Â S1, . . . , Sk

�Ú�

S1 + · · · + Sk := {v1 + · · · + vk|v1 ∈ S1, . . . ,vk ∈ Sk}.

·K 1.23 � U1, . . . , Uk´ Rn�f�m. K U1 + · · ·+Uk

�´f�m.

y². � x,y ∈
∑k

i=1Ui. K�3 ui,vi ∈ Ui, i = 1, 2, . . . , k,

¦� x =
∑k

i=1 uiÚ y =
∑k

i=1 vi. Ké?¿ α, β ∈ R,

αx + βy = α

(
k∑
i=1

ui

)
+ β

(
k∑
i=1

vi

)
=

k∑
i=1

(αui + βvi).

�â·K 1.17, αui + βvi ∈ Ui, i = 1, 2, . . . , k. ·���

αx + βy ∈
∑k

i=1Ui. �
∑k

i=1Ui´f�m. �

~ 1.24 � U1, . . . , Uk ´ Rn�f�m. y²

Ui ⊂ U1 + · · · + Uk, i = 1, . . . , n.
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y². Ø�y² U1 ⊂ U1 + · · · + Uk. 5¿�

U1 = {u1 + 0 + · · · + 0︸ ︷︷ ︸
k−1

|u1 ∈ U1} ⊂ U1 + · · · + Uk. �

~ 1.25 � U, V ´ Rn�f�m. XJ U  V � V  U ,

K U ∪ V Ø´f�m.

y². b� U ∪ V ´f�m. � x ∈ U \ V Ú y ∈ V \ U .
K x + y ∈ U ∪ V . Ø�� x + y ∈ U . K

y = (x + y)− x ∈ U.

gñ. �

½Â 1.26 � v ∈ RnÚ U ´ Rn�f�m. K {v}+U {

P� v + U . ¡����56/.

~ 1.27 � B ∈ Rm×(n+1), L ´ B éA� n ��5�§

|, H´B�c n�|¤Ý
éA�àg�5�§|. X

J L�N, K sol(L) = v + sol(H), Ù¥ v´ L���).

AO/, sol(L)´�56/.

y². �M = v+ sol(H)�w ∈M . K�3 z ∈ sol(H)¦

� w = v + z. -

v =


v1

...

vn

 , z =


z1

...

zn

 .
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K

w =


v1 + z1

...

vn + zn

 .

·�O�
n∑
i=1

(vi + zi) ~B
(i) =

n∑
i=1

vi ~B
(i) +

n∑
i=1

zi ~B
(i) = ~B(n+1).

u´, w ∈ sol(L). dd��, M ⊂ sol(L). 2�:

w =


w1

...

wn

 ∈ sol(L).

K w = v + (w − v). ·�O�

n∑
i=1

(wi−vi) ~B(i) =

n∑
i=1

wi ~B
(i)−

n∑
i=1

vi ~B
(i) = ~B(n+1)− ~B(n+1) = 0m.

� w − v ∈ sol(H). ·�k sol(L) ⊂ M . � sol(L) = M .

2�âþ�ù~ 1.18, sol(L)´�56/. �

Ún 1.28 ��56/M = x+U = y+V ,Ù¥ x,y∈Rn,
U, V ´ Rn�f�m. K U = V � x− y ∈ U.

y². Ï� x + 0 ∈ M , ¤±�3 v ∈ V ¦� x = y + v.

u´, x− y ∈ V . aq�� y − x ∈ U . ·���

±(x− y) ∈ U ∩ V. (1)
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� u ∈ U . K x + u ∈M . u´, �3 v ∈ V ¦�

x + u = y + v.

d (1)��, u = (y − x) + v. � u ∈ V . ·��� U ⊂ V .

Ón V ⊂ U . � U = V . ?, x− y ∈ U ∩ V = U. �

��56/M = x+U ,Ù¥ x ∈ RnÚ U ´Rn�f
�m. ·�¡ U ´M ���.

5) 1.29 ���56/´f�m��=�§¹k"�

þ. ù´Ï�T6/�±�¤"�þÚ§����Ú.

½Â 1.30 � S ´ Rn���f8. Kd S ¥���¤k

�5|Ü�¤�8Ü¡�d S )¤�f�m. P� 〈S〉.
8Ü S ¥���¡�f�m 〈S〉��|)¤�.

·K 1.31 � S ´ Rn���f8.

(i) 〈S〉´f�m;

(ii) � U ´ Rn�f�m� S ⊂ U . K 〈S〉 ⊂ U .

y². (i) � x,y ∈ 〈S〉. K�3 u1, . . . ,uk,v1, . . . ,v` ∈ S,

α1, . . . , αk, β1, . . . , β` ∈ R¦�

x =

k∑
i=1

αiui Ú y =
∑̀
j=1

βjvj.
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Ké?¿ λ, µ ∈ R, ·�k

λx+µy = λ

(
k∑
i=1

αiui

)
+µ

∑̀
j=1

βjvj

 =

k∑
i=1

(λαi)ui+
∑̀
j=1

(µβj)vj.

� λx + µy ∈ 〈S〉. �â1�Ù1�ù·K 1.16, 〈S〉´f
�m.

(ii) Ï� S ⊂ U , ¤± 〈S〉 ⊂ U (1�Ù1�ù·K

1.16). �

�S´k�8 {v1, . . . ,vk}�, 〈S〉�P� 〈v1, . . . ,vk〉.

~ 1.32 � u,v ∈ Rn. K

〈v〉 = {λv |λ ∈ R} Ú 〈u,v〉 = {αu + βv |α, β ∈ R}.

~ 1.33 � e1, e2 ∈ R2, V1 = 〈e1〉, V2 = 〈e2〉 Ú V3 =

〈e1 + e2〉. O� (V1 + V2) ∩ V3Ú V1 ∩ V3 + V2 ∩ V3.

). 5¿� V1 + V2 = 〈e1, e2〉 = R2. � (V1 + V2)∩ V3 = V3.

V1 ∩ V3 = V2 ∩ V3 = {0}. ·�k

V1 ∩ V3 + V2 ∩ V3 = {0} + {0} = {0}.

~ 1.34 � U,W ´Rn¥�f�m. K U+W = 〈U ∪W 〉.
y². w, U ∪W ⊂ U + W . �â·K 1.31 (ii),

〈U ∪W 〉 ⊂ U + W.

��, � x ∈ U + W . K�3 u ∈ U Ú w ∈ W ¦�

x = u + w. u´, x ∈ 〈U ∪W 〉, = U+W⊂〈U∪W 〉. �
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½Â 1.35 � U,W ´ Rn �f�m. XJ U ∩W = {0},
K¡ U + W ´�Ú. P� U ⊕W .

·K 1.36 � U, V ´ Rn¥f�m. K U + V ´�Ú��

=�é?¿ x ∈ U + V , �3��� u ∈ U , v ∈ V ¦�

x = u + v.

y². � U + V ´�Ú� x ∈ U + V . �

x = u + v = u′ + v′,

Ù¥ u,u′ ∈ U , v,v′ ∈ V . K

u− u′ = v′ − v =⇒ u− u′ ∈ U ∩ V.

Ï� U ∩ V = {0}, ¤± u = u′. ? v = v′.

��, b� U + V Ø´�Ú. K�3�"�þ x ∈
U ∩ V . � 0 = 0 + 0 = x + (−x).��¦���5gñ. �
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