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3.3 Ý
�=�

½Â 3.1 � A ∈ Rm×n. Ý
 A�=�´3 Rn×m ¥�

Ý
. §31 j 1, 1 i�?����u A31 i1, 1 j

�?���, Ù¥ i = 1, . . . ,m, j = 1, . . . , n. Ý
 A�=

�P� At.

~ 3.2 �

A =

1 2 3 4

5 6 7 8

 =⇒ At =


1 5

2 6

3 7

4 8

 .

����y (At)t = A.

~ 3.3 � A ∈ Rm×n. K rank(A) = rank(At).

y². Ø�� ~A1, . . . , ~Ar ´ A�1�þ¥���4��

5Ã'|. K rank(A) = r. ����y ~At
1, . . . , ~A

t
r ´ At

¥��þ���4��5Ã'|. � rank(At) = r.
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4 �5�§|ÚÝ
��

4.1 ½5Ü©

½n 4.1 � L´±Ý
 B = (A|b) ∈ Rm×(n+1) �O2Ý


� n��5�§|.

(i) L�N��=� rank(A) = rank(B).

(ii) L(½��=� rank(A) = rank(B) = n.

y². (i) � L �N. K b ∈ Vc(A) (�1�Ù1�ù~

1.4). u´, Vc(B) ⊂ Vc(A) (1�Ù1�ù·K 1.26 (ii)).

·�w,k Vc(A) ⊂ Vc(B). � Vc(A) = Vc(B). l


dim(Vc(A)) = dim(Vc(B)). u´, rank(A) = rank(B) (1�

Ù1�ù½n 3.6).

��,� rank(A) = rank(B). K dim(Vc(A)) = dim(Vc(B))

(1�Ù1�ù½n 3.6). Ï� Vc(A) ⊂ Vc(B), ¤±

Vc(A) = Vc(B) (1�Ù1�ù·K 2.13). ·���

b ∈ Vc(A), = L�N(�1�Ù1�ù~ 1.4).

(ii) � L (½. K L �N. � rank(A) = rank(B).

e¡y² rank(A) = n, = ~A(1), . . . , ~A(n) �5Ã'. �

α1, . . . , αn ∈ R¦�α1
~A(1)+· · ·+αn ~A(n) = 0m.� (β1, . . . , βn)

t

´ L�). K (α1 + β1, . . . , αn + βn)
t�´ L�). Ï� L

2



(½, ¤± α1 = · · · = αn = 0. dd�� ~A(1), . . . , ~A(n)�

5Ã'.

��, � rank(A) = rank(B) = n. d (i)�� L�N.

� b ∈ Vc(A). Ï� dim(Vc(A)) = n, ¤± ~A(1), . . . , ~A(n)´

Vc(A)��|Ä. u´, �3��� λ1, . . . , λn ∈ R¦�
b = λ1 ~A

(1) + · · · + λn ~A
(n). � (λ1, . . . , λn)

t´ L��). �

íØ 4.2 � H ´±Ý
 A ∈ Rm×n�XêÝ
� n�à

g�5�§|. K H �k²�)��=� rank(A) = n.

y². 5¿�H ´± B = (A|0m)�O2Ý
� n��5

�§|. w, rank(A) = rank(B). �â½n 4.1 (ii). H �

k²�)��=� rank(A) = n. �

3A^¥, d n��§|¤� n��5�§|Ñy�

�õ. �d, ·��Ñe�ü�íØ.

íØ 4.3 � L´±Ý
 B = (A|b) ∈ Rn×(n+1) �O2Ý


� n��5�§|. K L(½��=� rank(A) = n.

y². � L(½. �â½n 4.1 (ii), rank(A) = n. ��, �

rank(A) = n. K

n = rank(A) ≤ rank(B) ≤ min(n + 1, n) = n.

� rank(B) = n. �â½n 4.1 (ii), L(½. �
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íØ 4.4 � L´±Ý
 B = (A|b) ∈ Rn×(n+1) �O2Ý


� n��5�§|, H ´± A�XêÝ
�àg�5

�§|. K L(½��=� H (½.

y². díØ 4.3��, L(½��=� rank(A) = n. 2d

íØ 4.2��, rank(A) = n��=�H �k²�). �.

~ 4.5 �dA|7Ö1Ô�²�É9¯K.

4.2 ½þÜ©

½n 4.6 (éó½n, �§|�) � H ´± A ∈ Rm×n �

XêÝ
�àg�5�§|. K

dim(sol(H)) + rank(A) = n.

y². � r = rank(A). Ø�� ~A(1), . . . , ~A(r)´ Vc(A)��

|Ä. Ké?¿ j ∈ {r + 1, . . . , n}, �3 αj,1, . . . , αj,r¦�

~A(j) = αj,1 ~A
(1) + · · · + αj,r ~A

(r).

- vj = (αj,1, . . . , αj,r, 0, . . . , 0,−1, 0, . . . , 0)t, Ù¥ −1 Ñ
y31 j � �. K vr+1, . . . ,vn ´ H �). d −1 3
vj ¥Ñy� ��ä½ vr+1, . . . ,vn �5Ã'. é?¿

z = (z1, . . . , zn)
t ∈ sol(H),

z + zr+1vr+1 + · · · + znvn = (β1, . . . , βr, 0, . . . , 0︸ ︷︷ ︸
n−r

)t ∈ sol(H),

(1)
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Ù¥ β1, . . . , βr ∈ R. ù´Ï� sol(H)´f�m(�1�Ù

1�ù~ 1.18Ú·K 1.17). dd��,

β1 ~A
(1) + · · · + βr ~A

(r) = 0m.

� β1 = · · · = βr = 0. d (1)��,

z = (−zr+1)vr+1 + · · · + (−zn)vn.

?
, vr+1, . . . ,vn´ sol(H)�Ä. � dim(sol(H))=n−r. �

~ 4.7 O�e�àg�5�§| H
x1 − x2 − x3 − x4 = 0

x1 + x2 − x3 + x4 = 0

x1 + x2 + x3 − x4 = 0

)�m��|Ä.

). T�§|�XêÝ


A =


1 −1 −1 −1
1 1 −1 1

1 1 1 −1

 .

ÏLÐ�1C��

A −→


1 −1 −1 −1
0 2 0 2

0 2 2 0

 −→

1 −1 −1 −1
0 2 0 2

0 0 2 −2

 .
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u´, rank(A) = 3. �â½n 4.6, dim(sol(H))=4−3=1. d
pd����, �½��§|�du:
x1 − x2 − x3 − x4 = 0

2x2 + 2x4 = 0

2x3 − 2x4 = 0

�du


x1 − x2 − x3 = x4

x2 = −x4
x3 = x4

.

- x4 = 1. K x3 = 1, x2 = −1, x1 = 1. T�§|k�")

v = (1,−1, 1, 1)t. � sol(H)�Ä´ v. �¤8Ü�/ª,

·�k sol(H) = {λv |λ ∈ R}.

�M ∈ Rn´�56/. KM �����ê½Â�M �

�ê, �P� dim(M).

íØ 4.8 � L´± B = (A|b) ∈ Rm×(n+1) �O2Ý
�

n��5�§|. XJ L�N, K

dim(sol(L)) + rank(A) = n.

y². � H ´± A ∈ Rm×n �XêÝ
� n �àg�

5�§|. � v ∈ sol(L). �â1�Ù1�ù~ 1.22,

sol(L) = v+sol(H). u´, dim(sol(L)) = dim(sol(H)). 2�

â½n 4.6,

n = dim(sol(H)) + rank(A) = dim(sol(L)) + rank(A). �
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~ 4.9 (½e��5�§| L
x1 − x2 − x3 − x4 + x5 = 1

x1 + x2 − x3 + x4 + x5 = 3

3x1 − x2 − 3x3 − x4 + 3x5 = 5

�)6/.

). T�§|�O2Ý


B = (A|b) =


1 −1 −1 −1 1 1

1 1 −1 1 1 3

3 −1 −3 −1 3 5

 .

ÏLÐ�1C��

B −→


1 −1 −1 −1 1 1

0 2 0 2 0 2

0 2 0 2 0 2

 −→

1 −1 −1 −1 1 1

0 2 0 2 0 2

0 0 0 0 0 0

 .

u´, rank(B) = rank(A) = 2. �â½n 4.1, L�N. �â

½n 4.6, dim(sol(L)) = 5− 2 = 3. dpd����, �½

�§|�du x1 − x2 − x3 − x4 + x5 = 1

2x2 + 2x4 = 2
�du

 x1 − x2 = 1 + x3 + x4 − x5
x2 = 1− x4.

- x3 = x4 = x5 = 0. ·��� v = (2, 1, 0, 0, 0)t´ L��

�(A)).
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2déXêÝ
�pd��{��, ± A�XêÝ


�àg�5�§| H �du x1 − x2 − x3 − x4 + x5 = 0

2x2 + 2x4 = 0
�du

 x1 − x2 = x3 + x4 − x5
x2 = −x4.

©O- x3 = 1, x4 = x5 = 0; x3 = 0, x4 = 1, x5 = 0;

x3 = x4 = 0, x5 = 1. ·��� H �n��5Ã'�):

w1 = (1, 0, 1, 0, 0)t,w2 = (0,−1, 0, 1, 0)t,w3 = (−1, 0, 0, 0, 1)t.

� sol(L) = v + 〈w1,w2,w3〉.

5 �I�m�m��5N�

5.1 ½ÂÚ£�Ä.Ã'�¤5�

½Â 5.1 � φ : Rn → Rm ´N�. XJé?¿ x,y∈Rn,

α ∈ R,

φ(x + y) = φ(x) + φ(y)︸ ︷︷ ︸
�±\{

Ú φ(αx) = αφ(x)︸ ︷︷ ︸
�±ê¦

,

K¡ φ´�5N�.

~ 5.2 �

φ : Rn −→ Rm

x 7→ 0m
Ú

ψ : Rn −→ Rn

x 7→ x
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´�5N�. ¡ φ´l Rn� Rm�"N�, ψ´ Rnþ�

ðÓN�.

·K 5.3 � φ : Rn −→ Rm. Ke�·K�d:

(i) φ�5,

(ii) é?¿ x,y ∈ Rn, α, β ∈ R,

φ(αx + βy) = αφ(x) + βφ(y)︸ ︷︷ ︸
�±�5$�

.

(iii) é?¿ x1, . . . ,xk ∈ Rn, α1, . . . , αk ∈ R,

φ(α1x1 + · · · + αkxk) = α1φ(x1) + · · · + αkφ(xk)︸ ︷︷ ︸
�±�5|Ü

.

y². (i) =⇒ (ii) � φ´�5�. K

φ(αx + βy) = φ(αx) + φ(βy) = αφ(x) + βφ(y).

� φ�±�5$�. ��, � α = β = 1�� φ�±\{,

� β = 0�� φ�±ê¦.

(ii) =⇒ (iii) é k8B. � k = 1�,

φ(α1x1) = φ(α1x1 + 0x1) = α1φ(x1) + 0φ(x1) = α1φ(x1).
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� k = 2�, (Ø´ (ii). � k > 2�(Øé k − 1¤á. K

φ(α1x1 + · · · + αk−1xk−1 + αkxk)

=φ(α1x1 + · · · + αk−1xk−1) + αkφ(xk) [k = 2]

=α1φ(x1) + · · · + αk−1φ(xk−1) + αkφ(xk) [8Bb�].

(iii) =⇒ (i) - k = 2Ú α1 = α2 = 1��, φ�±\{.

- k = 1��, φ�±ê¦. �

~ 5.4 � φ : Rn −→ Rm�5. K φ(0n) = 0m.

y². O�

φ(0n) = φ(0n + 0n) = φ(0n) + φ(0n) =⇒ φ(0n) = 0m. �

~ 5.5 � λ ∈ R,

ψλ : Rn −→ Rn

x 7→ λx.

´�5�. ¡��ê¦N�. � λ=0�, ψλ´"N�. �

λ=1�, ψλ´ðÓN�.

~ 5.6 � v ∈ Rn \ {0}.

Tv : Rn −→ Rn

x 7→ v + x.

Ø´�5�. ù´Ï� Tv(0) = v 6= 0.
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·K 5.7 � φ : Rn −→ Rm´�5N�.

(i) XJ v1, . . . ,vk ∈ Rn �5�', K φ(v1), . . . , φ(vk)

��5�'.

(ii) XJ U ´Rn�f�m, K φ(U)´Rm�f�m. A

O/, im(φ)´ Rm�f�m.

(iii) XJ W ´ Rm �f�m, K φ−1(W ) ´ Rn �f�

m. AO/, φ−1({0m})´ Rn�f�m.

y². (i)� α1, . . . , αk ∈ R,Ø��",¦�
∑k

i=1 αivi=0n.

�âþ�Ù·K 5.3,

0m = φ(0n) = φ

(
k∑
i=1

αivi

)
=

k∑
i=1

αiφ(vi).

(ii) � x,y ∈ φ(U). K�3 u,v ∈ U ¦� φ(u) = xÚ

φ(v) = y. é?¿ α, β ∈ R,

αx + βy = αφ(u) + βφ(v)

= φ(αu + βv)

∈ φ(U) (·K 1.17 (ii)).

�â1�Ù1�ù·K 1.16, φ(U)´f�m.

(iii) é?¿ x,y ∈ φ−1(W ), α, β ∈ R, ·�O�

φ(αx + βy) = αφ(x) + βφ(y).
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Ï�φ(x), φ(y)∈W�W´f�m,¤±αφ(x)+βφ(y)∈W .

dd�Ñ φ(αx + βy) ∈ W . l
, αx + βy ∈ φ−1(W ). �

~ 5.8 � v1, . . . ,vk ∈ Rn, w1, . . . ,wk ∈ Rn+`�

wj =


vj

αn+1,j

...

αn+`,j

 ,

Ù¥ αn+1,j, . . . , αn+`,j ∈ R, j = 1, . . . , k. y²: XJ

v1, . . . ,vk �5Ã', K w1, . . . ,wk �5Ã'.

y². �

φ : Rn+` −→ Rn

x1
...

xn

xn+1

...

xn+`


7→


x1
...

xn

 .

K φ ´�5N�. Ï� φ(wj) = vj, j = 1, . . . , k �

v1, . . . ,vk �5Ã', ¤±·K 5.7 (i) %¹ w1, . . . ,wk

�5Ã'. �

½Â 5.9 � φ : Rn −→ Rm´�5N�. �I�m Rn¥
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�f�m φ−1({0m})¡� φ�Ø(kernel), P� ker(φ). �

I�m Rm¥�f�m im(φ)¡� φ��(image).

~ 5.10 � φÚ ψd~ 5.2�Ñ. Ké"N� φ, ·�k:

ker(φ) = Rn Ú im(φ) = {0m}.

éðÓN� ψ, ·�k:

ker(ψ) = {0} Ú im(ψ) = Rn.

� ψλ : Rn −→ Rnd~ 5.5�Ñ. Kê¦N� ψλ, ·

�k: � λ 6= 0�,

ker(ψλ) = {0} Ú im(ψλ) = Rn.

� λ = 0�, ψ0´"N�.

� φ : Rn+k −→ Rn´~ 5.8¥�Ý�. K

ker(φ) = 〈en+1, . . . , en+k〉 Ú im(φ) = Rn.

·K 5.11 � φ : Rn −→ Rm´�5N�. K φ´ü��

�=� ker(φ) = {0n}.

y². � φ´ü�. �âþ�Ù·K 5.3, φ(0n) = 0m. Ï�

φ´ü�, ¤± ker(φ) = {0n}. ��, � ker(φ) = {0n}. �
x,y ∈ Rn¦� φ(x) = φ(y). K

φ(x− y) = φ(x)− φ(y) = 0m.
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u´, x− y ∈ ker(φ). Ï� ker(φ) = {0n}, ¤± x− y = 0.

� x = y, = φ´ü�. �

~ 5.12 � φ : Rn −→ Rm ´�5ü�. y²: XJ

v1, . . . ,vk ∈ Rn�5Ã', K φ(v1), . . . , φ(vk)�5Ã'.

y². � α1, . . . , αk ∈ R¦�

α1φ(v1) + · · · + αkφ(vk) = 0m.

K φ(α1v1+ · · ·+αkvk) = 0m. Ï� φ´ü�, ¤± α1v1+

· · · + αkvk = 0n. Ï� v1, . . . ,vk �5Ã', ¤± α1 =

· · · = αk = 0. � φ(v1), . . . , φ(vk)�5Ã'. �

5.2 �Ä.Ú�êk'�5�

·K 5.13 � φ : Rn −→ Rm´�5N�, U ´ Rn�f�

m. K dim(U) ≥ dim(φ(U));

y². � u1, . . . ,ud´ U ��|Ä. K

φ(U) = 〈φ(u1), . . . , φ(ud)〉.

�â1�Ù1�ùíØ 2.9, dim(φ(U)) ≤ d. �

½n 5.14 (�5N�Ä�½n) � v1, . . . ,vn ´ Rn ��

|Ä, w1, . . . ,wn ´ Rm ¥�?¿�½��þ. K�3�

���5N� φ¦� φ(vj) = wj, j = 1, 2, . . . , n.
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y². ½Â

φ : Rn −→ Rm∑n
j=1 αjvj 7→

∑n
j=1 αjwj, α1, . . . , αn ∈ R

.

Ï� v1, . . . ,vn´Ä., ¤±é?¿ x ∈ Rn, �3���

α1, . . . , αn ∈ R¦� x =
∑n

j=1 αjvj. u´, φ´û½Â�.

w, φ(vj) = wj, j = 1, 2, . . . , n.

e¡�y φ´�5�. �

x =

n∑
j=1

αjvj, y =

n∑
j=1

βjvj, αj, βj ∈ R.

K

φ(x + y) = φ

 n∑
j=1

αjvj +
n∑
j=1

βjvj


= φ

 n∑
j=1

(αj + βj)vj


=

n∑
j=1

(αj + βj)wj (φ�½Â)

=

n∑
j=1

αjwj +

n∑
j=1

βjwj

= φ(x) + φ(y) (φ�½Â).
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� λ ∈ R. K

φ(λx) = φ

 n∑
j=1

(λαj)vj


=

n∑
j=1

(λαj)wj (φ�½Â)

= λ

n∑
j=1

αjwj

= λφ(x) (φ�½Â).

��, ·�5�y��5. � ψ : Rn :−→ Rm´�5

N�÷v ψ(vj) = wj, j = 1, 2, . . . , n. K

ψ(x) = ψ

 n∑
j=1

αjvj

 =

n∑
j=1

αjψ(vj) =
n∑
j=1

αjwj = φ(x).

� ψ = φ. �

~ 5.15 � e1, e2 ´ R2 �IOÄ, � θ ∈ [0, 2π). � Rθ :

R2 −→ R2��5N�÷v

Rθ(e1) = cos(θ)e1+sin(θ)e2, Rθ(e2) = − sin(θ)e1+cos(θ)e2.

� x = (ρ cos(α), ρ sin(α))t. ���O���

Rθ(x) = (ρ cos(α + θ), ρ(sin(α + θ)).

·�¡ Rθ´ R2þ�^= (rotation).
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~ 5.16 � λ1, . . . , λn ∈ R, e1, . . . , en´ Rn�IOÄ. �

f : Rn −→ R´÷v f (ej) = λj, j = 1, 2, . . . , n��5N

�. Ké?¿ x = x1e1 + · · · + xnen ∈ Rn,

f (x) = λ1x1 + · · · + λnxn.

¡ f ´ Rnþ��5¼ê.

~ 5.17 �A ∈ Rm×n, φA : Rn −→ Rm´÷vφA(ej)= ~A
(j),

j = 1, 2, . . . , n. Ké?¿ x = x1e1 + · · · + xnen ∈ Rn,

φA(x) = x1 ~A
(1) + · · · + xn ~A

(n).

¡ φA´d Ap���5N�.

�H´±A�XêÝ
�àg�5�§§|, b∈Rm

� L´± B = (A|b)�O2Ý
��5�§|. K

ker(φA) = sol(H), im(φA) = Vc(A) � L�N ⇐⇒ b ∈ im(φ).

Ún 5.18 � φ : Rn −→ Rm ´�5N�, v1, . . . ,vd ´

ker(φ)��|Ä.

(i) XJ v1, . . . ,vd,vd+1, . . . ,vd+k �5Ã', K φ(vd+1),

. . . , φ(vd+k)�5Ã';

(ii) XJv1, . . . ,vd,vd+1, . . . ,vn´Rn��|Ä,Kφ(vd+1),

. . . , φ(vn)´ im(φ)��|Ä.
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y². (i) � αd+1, . . . , αd+k ∈ R¦� αd+1φ(vd+1) + · · · +
αd+kφ(vd+k)=0m. K φ(αd+1vd+1 + · · · + αd+kvd+k) = 0m.

dd��,

αd+1vd+1 + · · · + αd+kvd+k ∈ ker(φ).

��3 α1, . . . , αd ∈ R¦�

αd+1vd+1 + · · · + αd+kvd+k = α1v1 + · · · + αdvd.

Ï� v1, . . . ,vd, vd+1, . . . ,vd+k ´�5Ã', ¤± αd+1 =

· · · = αd+k = 0. � φ(vd+1), . . . , φ(vd+k)�5Ã'.

(ii) d (i)��, φ(vd+1), . . . , φ(vn)�5Ã'. ¦�w

,3 im(φ)¥. ·���y² im(φ)¥�?¿�þÑ´

§���5|Ü=�. � y ∈ im(φ). K�3 x ∈ Rn ¦

� y = φ(x). Ï� v1, . . . ,vn ´ Rn ��|Ä, ¤±�3

β1, . . . , βn ∈ R¦�

x = β1v1 + · · · + βdvd + βd+1vd+1 + · · · + βnvn.
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�

y = φ(x) = φ

(
n∑
i=1

βivi

)
(½Â)

= φ

(
d∑
i=1

βivi

)
+ φ

 n∑
j=d+1

βjvj

 (φ�5)

= φ

 n∑
j=d+1

βjvj

 (

d∑
i=1

βivi ∈ ker(φ))

=

n∑
j=d+1

βjφ(vj) (φ�5). �

½n 5.19 (éó½n, �5N��) � φ : Rn −→ Rm ´

�5N�. K

dim(ker(φ)) + dim(im(φ)) = n.

y². � v1, . . . ,vd´ ker(φ)��|Ä. dÄ*¿½n (1

�Ù1�ù½n 2.11), Rnk�|Äv1, . . . ,vd, vd+1, . . . ,vn.

dÚn 5.18 (ii), φ(vd+1), . . . , φ(vn)´ im(φ)��|Ä. u

´, dim(im(φ)) = n− d. �

íØ 5.20 � φ : Rn −→ Rn ´�5N�. K φ´ü��

�=�§´÷�.

y². XJ φ´ü�, K dim(ker(φ)) = 0. dþã½n��

dim(im(φ)) = n. qÏ� im(φ) ⊂ Rn, ¤± im(φ) = Rn (1
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�Ù1�ù·K 2.13). = φ´÷�. ��, XJ φ´÷�,

K dim(im(φ)) = n. dþã½n��, dim(ker(φ)) = 0. 3

�â·K 5.11, φ´ü�. �

~ 5.21 |^½n 5.19y²éó½½n��§�.

y². � A ∈ Rm×n, H ´± A�XêÝ
� n�àg�

5�§|, φA´d Ap��l Rn� Rm��5N�. d

~ 5.17��, im(φA) = Vc(A)Ú ker(φA) = sol(H). �½n

5.19%¹éó½n��§�.
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