FZE B
EIE 6.24 L AR BeR>. N
(i) rank(AB) < min(rank(A), rank(B));
(ii) rank(A) 4+ rank(B) — s < rank(AB)  (Sylvester I~5
X).
JERR. HBRELVEM ¢y - RS — R™ Fll ¢ : R — R*.
HATE T A A

Rn s RS

ban= ¢AO¢\/4 l@‘

(i) BRI EA
rank(AB) = dim(im(¢ap)) (fid 6.6 (i))

H
= dim(¢a(im(¢p)) (im(¢ap) = @a(im(ép))
< dim(im(¢p)) (A7 5.13 (1))
)

= rank(B) (i 6.6 (1))
e Aehih,
rank(AB) = dim(¢p4(im(¢g)) (W _EEKHE)
< dim(¢4(R%)) (im(¢p) C R?)
= dim(im(¢a)) (Pa(R*) =im(¢pa))

=rank(A) (A& 6.6 (i)).



(i) BAL.
(ii) W v, ..., va r& ker(pa) Nim(¢p) BI—HE uy, .. .,
uy, vi, ..., vg & im(¢p) W—4HE N rank(B) = d + k.
¥ = . rank(AB) > k.
B F @GR B, W agda(uy) + -0 + agpda(uy) = 0, HH
ag,...,o €R M pyu(u) =0, HF u=qau+-+auy.
M u e im(¢p) Nker(gy). T2, u e (vi,...,vg). KN
uy, ..., vy,...,vg ZMETLR, Filhag = = a; = 0.
T2, paluy), ..., paluy) 7 im(pap) HFHI—HL T KM
m. W dim(im(pap)) > k. M, rank(AB) > k. W5 BAL.
FH A3 7 P (4 1 Aol i ol ) R 260,

rank(A) = s — dim(ker(¢4)) < s —d.

rank(B) + rank(A) —s <d+k+s—d—s=k.
RiE FdWr s, (i) oz, O
AR 6.25 EiRIE AT T ST WA iR A rank(AB) = k.

HiL 6.26 XL AcR™ BEmMW#HksE, C A n W
AR 7 %, W) rank(A) = rank(BA) = rank(AC).

WEEA . Hh IR P A S AN SR 2] A
rank(A)+rank(B)—m < rank(BA) < min(rank(B), rank(A)).
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Kl N rank(B) = m, FrbA rank(A) < rank(BA) < rank(A).
Y rank(BA) = rank(A). 73— AT DR UER] . O

7T FHME
S A I IR A e M, (R).

7.1 M,(R) EHICE
STFAER A, B,C € M,(R), \, u € R, BATH
(Al) A+ B =B+ A;
(A2) (A+B)+C=A+(B+C);
(A3) A+ O = A, i O & n Wr F5ERE;
(Ad) A+ (—A4)=0.
(M1) (AB)C = A(BC):
(M2) AE =EA=A, 2t E & n Br 8056 b,
(51) (M)A = A(pA);
(S2) 1A= A

(AM) A(B+C) = AB + AC; (A+ B)C = AC + BC.
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(AS) (A+ p)A = AA+ pA: A(A+ B) = AA+ \B.
(MS) (AA)(uB) = MA(uB)) = (Au)(AD).

BATH M, (R) FRA R B n 425K 2K
5. WkeZ, AcM,(R). MRIFFIEGESE, HA1E X

A%:é;é.

k

ot AV = B ATEHERIE APAL = AMTCRT AR = (AF)"

B 7.1 3% A, B e M,(R). &7 (A+B)* 4 (A+B)(A—B).
filk. (A+B)?=(A+ B)(A+ B) = A2+ AB + BA + B2
(A+ B)(A— B)= A+ BA— AB — B

AHY AB = BAW, &M+ A

(A+B)* = A*+2AB+B* #= (A+B)(A-B) = A*-B".

EX T2 %A MR). w® A — A WA A A
FEFE, 4o AL = — A, WAR A R R0 PR . ﬁn%‘iﬁfﬁ
keZt 1813 AF = 0. WAk A REZEWHME. dof A2 =

WA A R RS RE.

FRR 7.3 XA = (a;) € Mu(R). M AsT#RY HALY
Qi j = Qjgi, 1,] € {1,2,...,n}. m A F AR Y LY



ai; =08 a;;=—a;;, ZF¥ije{l,2,...,n} Li#j &
IR IR IE X TR AR GG 5 B A5 %gﬁ'ﬁf‘izn

A=Al A+ A" =0

<~ aj+a;=0,4j€e{l,2,....,n}

> 2a;;=0,a,;+a;; =0, i, €{1,2,...,n},i #j

<~ a;;=0,a,;+a;;=0, i, €{1,2,...,n}ki#75 (2#0).

5 7.4 %
010 100
A=1001 2 B=|010
000 090

THAERIE A RBREERNA B RAREFN.

5l 7.5 % A =diag(\i,..., ). W A¥ = diag(\F, ..., M),
1

n

5l 7.6 ik

a cC

0 b

A =

SiEEneEN, HH A
fift. SR KF A =B, 2 Al = A, &4 H

ac\ [a c a® cla+b)

0 b 0 b 0 v’



a’ cla+b) a c a® c(a® + ab+ b?)
0 v 0 b 0 v’

T @ &AVER: B n >0 8,

a" cd,

0 o

A" =

HFd, =30 alb
En=1234g#tnz &n>3H0n—10K%&Z%

A L. N

a" ! ed,_ a ¢ a” ca™ '+ cbd,,_
AT = A" A = ! _ !
0 ! 0 b 0 b"
m
n—2 n—1
ca” '4ebd,_; = c(a” b Z a'd" ) = CZ a' " = cd,.
i=0 i=0
g YA

BAVT AL 8 F e desE R G ax

n Ca”—Ul

A" = b ) a#b, A A" = ,a=>.
0o b 0  a"

FELE XEOET n=108%H.
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7.2 RBMATESHILTT

128 — & 5 DU UR B 6.19 AT &1, XF A, B € M,(R),
rank(AB) ] ¢ N&E T rank(BA). 5 2, B T H &
PR RATHRAAE.

EX 7.7 % A= (a;;) € M,(R). BAARYT a,; 2 AW
7 (trace). iTH tr(A).

A ELHRIGAE: MHMERE o, 8 € R, A, B € M,,(R),
tr(aA + BB) = atr(A) + ptr(B).
R 7.8 % A= (ai,), B = (b;;) € M,(R). 1|
tr(AB) = tr(BA).

BB, WO = (c;j) = ABHAI D = (d; ;) = BA. 1|

n n
Cz’,i:E az’,kbk,z’ A dz’,z':g bz’,kak,z’-
k=1 k=1
=]
T2,
n n

tI‘(O) = Z Z ai,kbk,i ﬂeﬂ tI”(D) = Z Z bi’kak,i.

1=1 k=1 1=1 k=1
i tr(C) = tr(D). O
) 7.9 8 SEFE A B e M,(R), AB—- BA+E.
IEB. &A1 H tr(AB — BA) = tr(AB) — tr(BA) = 0 (%
A 7.8). 1B tr(E)=n>0. %« AB— BA#FE. [
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EX 7.10 % C € M,(R). dnEHE&E A € M,(R), &4
A AC = CA. WAk C ZAH0TT.

711 K C e M,(R). M CAFSLEHAME C £
R RSETE

N TAUEWEA RO TR B R, AT 2 Mk 5 .

313 7.12 (B T3I) g 5 {1,... .k}, K E"
REITIINROAEF T, mECAEHRFTTEN L
W e, W3t F A e R

Oi-1)xn
EZ(Z?)A = Aj Fer AE@'(,T;) - (Omx(j—l)v A(Z)ﬂ Omx(n—j))-
O(m—i)xn

ER. ARSI EREA R, AR HRE j FISMER 0,
s B Ae;=AW . s AT, AT

(B A) = AtE;? = (Op(i-1)s ALy O m—iy)-

]
X B R B AT 2
O(i—1)xn
(EZ(’T)A) - (Onx(i—l)a AE) Onx(m—z’))t — A’éfj
O(m—i)xn

S UaL. O



I 711 69E. W C = \E. U XHMER A € M,(R),
CA=XAH AC =)A. #1CA = AC.

2, B C = (c;) € Mu(R) &byt WL ,j €
{1,....,n}, BYC =CE". T

O(i—l) Xn

Ci | = (Oux-1:CY, Ouxuy).
O(n—i)xn

3 e 00 R ) 48 0 AT TR0, 24 & £ 5 B, g = 0; 24
k = j HTJ‘, Cj)j = Ci,i' ?T\ELL‘_, C %i&%%ﬁﬁi ]

7.3 AT

ENX 713 % A e My(R). R 5B 4£ B e M,(R) 1 4%
AB = BA =FE, N A ZA[IHFE. bk, BARA A6
— AT .

% BA=AB=FE HCA=AC =E. Nl
CAB=(C = (CA) B=C = EB=(C = B=C.

W EIRE X H B aME—/). IRATIE B FR 0] 10 R R ) 2
S5, i0h AL

EIE 7.14 X A e M,(R). W ATi#EL HAY AHik.
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IEBR. B AR M AATY = B OARE B 6.24 (1),
rank(A) > rank(AA™1) = rank(EF) = n. # rank(A) = n.

S B RS 43) By, £ A Ax — e IR,
j=1,2,....,n. & B=(vy,...,v,). N

AB = (AVl,...,AVn) = (el,...,en) = F.

H 28 285 =k 3.15, rank(AY) = n. B _EIAUER AT E0AE
fEC e M,(R)f#if3 A'C = E. # C'A = F (W% = %Y
Phamdl 6.23). HILISH, CTAB = B. M,

C'(AB)=C'E =C"=B.
FABE BA=F. T, Anli O

EIR 715 LR R AT AR AW BRAIEA ST R A
T MAEBeM,(R)1%4F BA=AB=FE. &3
Ga, bp ARAMN R 2| A FA9BRSt. TR, d40¢dp = ¢p Fo
Ppopa=gp. BH op ZERBA, FTL ¢y ZH. K
Atk (B HQHeA 6.10 (iii)).

RZ, A aABE o) 4. & F LB
M T, ¢ REMBE. HAE B c My(R), 143
¢4 = dp. BAVFH pa0dp=dp o dpods=op TE,
AB=BA=E.
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HEIL 7.16 #EF AeM,(R) T# % HAX L & & BeM,(R)
%1F AB=F 3 BA=E.

JEBR . XN AB = E 8{ BA = E # o fE 4 A k. O

SERR 717 LRSS LT UARE S —FF =30 515
e XRERAHN ¢p: R — R ZEH S ALY €A HH
L BHAX Y & & WA

fil 7.18 X A, B € M,(R) A ¥T 2. W)
(i) AB Ti# AL #ig % B1A!;
(i) A7V T e hiE R (A1) = A;
(i) A" 7T B Ha7 % (A
iR, (i) AB(B'A™Y) = A(BB WA = AEA™ = E. %
LRI 38AE (BtA"Y)AB = E.

(i) XAKN AAT=ATA=E.
(iti) 23S 2 2 DY A 6.23 A %0,

AANY = A 1TA' =FE' =E.
Flth, (AN A = E. O

AR 719 AR ALK IR ERE MR F
RBEARIN (5 —FF 3R 4. 14 (i1)), @ =A%k
R EFH—FE e 4.1 (i)
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5] 7.20 £ A€ M,(R). WM&HF7FHE Ax=b AT L H
Y AT, R CHE—MFA x=A"b.

5] 7.21 % A e M,(R) BE. it E— A T,
WEBH. & Ab =0, 9 k> 0. 0

E=FE—-A"=(E-A)(E+A+...+ A,
H(E-A)'=E+A+ -+ A7 O
Bl 7.22 % AeM,R) ZRFLTHE EH: A=F.
B, RN A% = A, L A(A— E) = 0. HEH 6.24 (i),
rank(A) + rank(A — E) —n < 0.

R4 B 7.14, rank(A) = n. T &, rank(A — E) = 0.
A=F [

7.4 Z45

)[/&

0 1
A= (1 1) GMQ(]R)

WEEH: X m e Z7T,

Am _ fm—l fm ’
fm fm—i—l
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:/H\:I:Fl fO — 07f1 — 17f2 - 17fm+1 - fm—|—fm—1'

. m o= LI, AR B Wom > 1 Hom — 1SR

Sz )
AM — Am_lA _ fm—2 fm—l 01
fm—l fm 11

_ fm—l fm—l + fm—Q _ fm—l fm
fm fm+fm—1 fm fm—i—l

).D

_‘L&
1 _
WEEEALI I S
9 2
i
A9 1
n_| 3 3
—V/5M V5
ANHETH
5 -1 A O
B! = v S| M oA=B" ! B
VA —22 0 Mo
LAl



Zil

\V?S)\l/\z()w — A1) (A =N
VERE MHTE O € My(R),

(B'CB)" =B7'C"B.

A™ = Bl diag( A\, A" B.

(\/ BAT ——Am) B® = ?()\T — ).

T7&, Fibonacci J7 411 A TE A2
i Ve ((1+v5) [1-vB\"
m 5 2 - 2 .

EEE
f():oafl:17f2:17f3:27f4:37"'7f10:557
14




fs0 = 12586269025.
BN W

Y R YAy
#&C?qm55>mw<1;5>

28 Fibonacci 751

Jo=0, fi=1, fo=1, fu1=fm + -1,
%Jﬂ/\ﬁ

() ()

\ 7

A

--(5)

A\ 7

WA 5

8 FEMERFIFEFEM

ENX 81 % A BecR™" 4R G MU TEFTE P Fo
n U T 7 Q113 A= PBQ. WA AL B HIZ2A4).
ifﬂ‘@ ANe B.

il
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BATRIGIE ~, ZEM KR AR A € R, BATEH
A=FE,AE, T/& A~,A HKME-T.

% B e R 2 A ~, B. WIELE m My ] 35 [
Bl n Bhal i ik Q 15 A = PBQ. Wl B = P1AQ .
W B ~, A KRR RSAT

wCeR™ H A~, BM B ~,C. WAFLE m WA
JiFE P A n B AT T B Q 1643 A = PBQ M B = SCT.
WA= (PS)C(TQ). B A 77 B A T 18 B BA
A~ C. FRIBMHE AT

A IE B
EIE 8.2 &8 A, BER™ ™. W] A~ B<=srank(A) = rank(B).
ik, BAl ] 7 B A P R R R ) SR A
EMX 8.3 i%i,je{l,2,...,nk

(i) B\ Rie B, 5% i 1745 j 4T B3R 1F 5 0o 4815

AR Z R B — A EHE .

(i) L a e REi#j. M F (o) R E, &% jiTi8%

o m BB ATAF B 0GR MR BRI SR R
(iii) ZAER L A£0. W F(\) &4 E, ¥ % i /Til %k

N FBIGY4EIE . AR A B =R S AE [

X = RAEEGAR A n N F 45
16



SEMR 8.4 THRRIE (F))? = B, F)F)(~a) =

Y]

E,, #2 FMO\FE" (A1) = E,. %4402 TE6), B

7

"¢ A 0 AL HE TR

RATAT LA Z T3] BB 7.02) s U
M B SRS R T

(n) _ W _ g 4 g 4 g
F'"(a) = B, + aE™ (2)

1,] 1,7 )
F(\) = B, + (A— 1E. (3)

wAeR™™ WY (1),
FA=A-BA-EB"WA+E" AL B A.

MRz T 3, F JA RE A L7 PRAT X 15 2 1) 50

B, 1R (2),
F'(a)A=A+aETA.

0]

R, () A AR A R ATIREL o JEINEISE i 7735
HURE RS, AR¥E (3),

FMNA=A+ (A - 1DEMA,
MTAFEFE A F25 ¢ 4T1E3 N FIAERE.
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i, AF, AF" (o) A1 AF"(A) 43 BRI A H

i, PIAT R, S8 A TR 0 BIBRLL o JEINENES 5 41, FIHE A
Fr2  FITE IR N S5 A9 B R R

5138 8.5 (ATA 513 ) X A € R™". N & & 7 i 46 [%
P e M,(R) #2 Q € M,(R), % P Fo Q #R 2 #1545 5 49
AR, 113

Er Orx(n—r)
PAQ = :
O(m—r)xr O(m—r)x(n—r)
H rank(A) =r.

WERA. AR 2R — F 5 — Uk am il 2.3 ISR =RI5AT 28 #L,
AFAEE T m B WISERERE, (A EATHIRR P i 2

PA=10--000--00 0 -~ 0 Ls--x]|,
\0...000... 00 0 --- 0 00...0/

HAp 30 r ATARF. WAFAEE T4 n B 56— M HEFE,
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FEAFEATHAR Q) W2

0 1 -+ % % %k -+ %k %k x---%

BEMAFAES T n B o — W /EE, R eI Q
i A

(10... ()() () OOO...O\
01 ---000 ---000---0
PAQiQ>=100 --- 01 0 «-- 0 00---0
00... OO 0 00()...0
\OQ... OQ () OQQ...O)

B Q = Q1Q B A], X 52 [K W] &5 70 [ 2 AR 06 ZR A 1
MRYE 28 — F 208 TLFEIR 6.27, rank(A) = r. O

H_FH AR 820IEN. X A B e R™". 11
B A~, B, WAZLEIERERE P € M,,(R) f1 Q € M, (R) fif
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1% A = PBQ. W &5 T UHER 6.27 415 rank(4) =
rank(B).
2., % rank(A) = rank(B). ic A r. #R#E512E 8.5,

E, Orx(n—r) E, Orx(n—r)
A Ne , B Ne .
O(m—r)xr O(m—r)x(n—r) O(m—r)xr O(m—r)x(n—r)
WAL, TM1F A~ B. O

iR 8.6 B EXIEAIART I, PA R HA.
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