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2.7 Ì�+�(�

½Â 2.48 � G´+, g ∈ G. K 〈g〉¡� G¥d g)¤

�Ì�f+. XJ�3 g ∈ G¦� G = 〈g〉, K¡ G´Ì

�+ (cyclic group).

~ 2.49 �ê�\{+ Z = 〈1〉 = 〈−1〉. 'u n ��{

a�\{+ Zn = 〈1̄〉. � k̄ ∈ Zn. K Zn = 〈k̄〉��=�
ord(k̄) = n. =:

n =
n

gcd(n, k)
⇐⇒ gcd(n, k) = 1.

�þ�ùíØ 2.38.

~ 2.50 � p´�ê, G´+� card(G) = p. y² G´Ì

�+.

y². � g ∈ G� g 6= e. K card(〈g〉)�u 1. d Lagrange

½nÚ p´�ê��,

card(〈g〉) = p =⇒ 〈g〉 = G. �

·K 2.51 � (G, ·, e)´Ì�+� card(G) > 1.

(i) XJ card(G) =∞, K G w (Z,+, 0);
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(ii) XJ card(G) = n, K G w (Zn,+, 0̄).

y². �G = 〈g〉.
(i) �ÄN�

φ : Z −→ G

m 7→ gm.

K φ(x + y) = gx+y = gxgy = φ(x)φ(y). � φ´Ó�. e

¡y² φ´V�. � φ(x) = φ(y). K gx = gy. �â·K

2.38 (i), x = y. � φ´ü�. � h´ G¥?¿��. K�

3 k ∈ Z¦� h = gk. u´, φ(k) = h. � φ´÷�. nþ

¤ã, φ´Ó�.

(ii) �ÄN�

φ : Zn −→ G

m̄ 7→ gm.

k�y φ´û½Â�. � k̄ = m̄. K k = m+ `n,Ù¥ `´

,��ê. ·�k

φ(k̄) = gk = gm+`n = gm(gn)` = gm = φ(m̄).

u´§φ�û½Â�.

� x̄, ȳ ∈ Zn. K

φ(x̄ + ȳ) = φ(x + y) = gx+y = gxgy = φ(x̄)φ(ȳ).
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� φ´Ó�.

���y φ´V�. � φ(x̄) = φ(ȳ). K gx = gy. �

gx−y = e. �â·K 2.38 (ii), n|(x − y), = x̄ = ȳ. dd�

�, φ´ü�. é?¿ h ∈ G, �3 k ∈ Z¦� h = gk. u

´, φ(k̄) = h. ·���, φ´÷�.

~ 2.52 � p´�ê, + G¹k p���. �â 2.50, G

Ú (Zp,+, 0)Ó�.

~ 2.53 � (G, ·, e)´Ì�+. y²: G�f+�Ì�.

y². � G = 〈g〉, H ´ G�f+� H 6= {e}. Ï� H ´

f+, ¤±�3��ê m¦� gm ∈ H. � s´����

�ê¦� gs ∈ H. K 〈gs〉 ⊂ H. ��, � h ∈ H. K�

3 k ∈ Z¦� h = gk. d�ê�{Ø{, k = qs + r, Ù¥

q ∈ Z, r ∈ {0, 1, . . . , s− 1}. �

h = gk = gqs+r = (gs)qgr =⇒ gr = h(gs)−q ∈ H.

d s �4�5��, r = 0. � h ∈ 〈gs〉. ·���§
H ⊂ 〈gs〉. l
, H = 〈gs〉.

~ 2.54 � (G, ·, e)´Ì�+� card(G) = ∞. � H ´ G

�f+� H 6= {e}. y² H w G.

y². � G = 〈g〉. dþ~���3 s ∈ Z+¦�H = 〈gs〉.
u´, ord(gs) = ∞. ÄK, ord(g)<∞=⇒card(G)<∞, g
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ñ. d·K 2.51 (i)��, card(H) =∞. � H w (Z,+, 0).

u´, ·K 2.51 (i)%¹ G w H. �

2.8 Cayley½n

Ún 2.55 � φ : G −→ H ´+�üÓ�. K G w im(φ).

y². d1oÙ1�ù·K 2.28 ��, im(φ) ´+. 


φ : G −→ im(φ)´V�. �G w im(φ). �

� φ : G −→ H ´+�üÓ��, ·�¡ φr Gi\

�H ¥. d�, GÓ�uH �f+ im(φ).

Ún 2.56 � φ : (G, ·, e) −→ (H, ·, ε) ´+�Ó�. K φ

´i\��=� φ(g) = ε =⇒ g = e.

y². Ï� φ´Ó�, ¤± φ(e) = ε (1oÙ1�ù·K

2.19 (i)). �� φ´ü��, φ(g) = ε =⇒ g = e. ��, �þ

ã%¹'X÷v, � g1, g2 ∈ G÷v φ(g1) = φ(g2). Kd1

oÙ1�ù·K 2.19 (i),

φ(g1g
−1
2 ) = φ(g1)φ(g−12 ) = φ(g1)φ(g2)

−1 = ε.

� g1g
−1
2 = e. u´, g1 = g2, = φ´ü�. �

�X ´��. -

TX = {f : X −→ X | f ´V�}.

K (TX , ◦, idX)¡�X þ�C�+.
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½n 2.57 (Cayley) � (G, ·, e)´+. K G�±�i\�

C�+ TG¥.

y². �ÄN�:

φ : G −→ TG

g 7→ Lg
,

Ù¥ Lg ´1oÙ1�ùÚn 2.11¥½Â��²£. dT

Ún��, φ´û½Â�N�. 5¿� φ(gh) = Lgh. é?

¿ x ∈ G, Lgh(x) = (gh)x. 


Lg ◦ Lh(x) = Lg(hx) = g(hx) = (gh)x = Lgh(x).

� Lgh = Lg ◦ Lh. dd�Ñ, φ(gh) = φ(g) ◦ φ(h). = φ´

Ó�. XJ Lg = idG, K Lg(e) = idG(e), = g = e. � φ´

ü�(Ún 2.56). �

íØ 2.58 � G´+� n=card(G). K G�i\� Sn¥.

y². � G = {g1, . . . , gn}. é f ∈ TG, � f (gi) = gki,

i = 1, 2, . . . , n. K  1 2 · · · n

k1 k2 · · · kn


´����, P� σf . KN�

φ : TG −→ Sn

f 7→ σf
.
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V�. 2� w ∈ TG ¦� w(gki) = g`i, i = 1, 2, . . . , n. K

w ◦ f (gi) = w(gki) = g`i. ,��¡, σwσf(i) = σw(ki) = `i.

u´,φ(w ◦ f ) = σwσf = φ(w)φ(f ). � φ´Ó�.

d½n 2.57��, G�±ÏLüÓ� ψ : G −→ TGi

\� TG¥. u´, φ ◦ ψr Gi\� Sn¥(1oÙ1�ù

·K 2.19 (iii)Ú1�Ù1�ù·K 4.8). �

3 �

3.1 ½ÂÚÄ�5�

½Â 3.1 Ê�| (R,+, 0, ·, 1), Ù¥ R´8Ü, 0, 1 ∈ R�
0 6= 1, +, ·´ Rþ���$�, ¡�(¹N)�(ring), XJ

(i) (R,+, 0)´��+;

(ii) (R, ·, 1)´¹N�+; �

(iii) éu?¿ x, y, z ∈ R,

x(y + z) = xy + xz (x + y)z = xz + yz.

� (R, ·, 1)´���¹N�+�, R¡����. ÄK¡�

�����.
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5) 3.2 �dA|7Ö¥�Ø�½¹k¦{ü �, =

(R, ·)´�+=�. 3�ùÂ¥§·���Ä¹N�§¿

{¡��.

~ 3.3 � (R,+, 0, ·, 1)´�. K

(i) é?¿ x ∈ R, 0x = x0 = 0;

(ii) é?¿ x, y ∈ R,

(−x)y = x(−y) = −(xy) Ú (−x)(−y) = xy;

(iii) é?¿ x ∈ R, (−1)x = x(−1) = −x.

y². (i) 5¿� 0x = (0 + 0)x = 0x + 0x. u´, 0x = 0.

aq�� x0 = 0.

(ii) d x + (−x) = 0Ú (i)��, (x + (−x))y = 0. �

â©�Æ, xy + (−x)y = 0. � (−x)y = −(xy). Ón��,

x(−y) = −(xy). ?
,

(−x)(−y) = −(x(−y)) = −(−(xy)) = xy.

(iii) Ï� 1 + (−1) = 0, ¤± x(1 + (−1)) = 0. =

x1 + x(−1) = 0, x+ x(−1) = 0. d+ (R,+, 0)¥�\{_

���5, x(−1) = −x. Ón, (−1)x = −x.
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~ 3.4 e��´���: (R,+, 0, ·, 1), Ù¥ R´ Z,Q,R
½ C; é?¿�u 1��ê n, (Zn,+, 0̄, ·, 1̄).

·�5�y Zn¥�©�Æ. � x̄, ȳ, z̄ ∈ Zn, K

x̄(ȳ+z̄) = x̄y + z = x(y + z) = xy + xz = xy+xz = x̄ȳ+x̄z̄.

� S = {f | f : R −→ R}. � f, g ∈ S. ½Â

f + g : R −→ R
x 7→ f (x) + g(x)

Ú
f · g : R −→ R

x 7→ f (x)g(x)

K (S,+, 0, ·, 1)´���, Ù¥ 0´r¤k¢êÑN¤"

�¼ê, 1´rk¢êÑN¤��¼ê.

~ 3.5 (Mn(R),+, O, ·, E)´����, Ù¥ n > 1.

½n 3.6 (2Â©�Æ) � x1, . . . , xm, y1, . . . , yn´�R¥

���. K (
m∑
i=1

xi

) n∑
j=1

yj

 =

m∑
i=1

n∑
j=1

xiyj.

y². ky²: é?¿x ∈ R, x(y1+· · · yn) = xy1+· · ·+xyn.

é n8B. � n = 1�, (Øw,¤á. � n > 1� n − 1

�(Ø¤á. K

x(y1 + · · · + yn−1 + yn) = x((y1 + · · · yn−1) + yn) (\{(ÜÆ)

= x(y1 + · · · yn−1) + xyn (�©�Æ)

= xy1 + · · · + xyn−1 + xyn (8Bb�).
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aq/�yé?¿ y ∈ R, (x1+ · · ·+xn)y = x1y+ · · ·+xny.

� x =
∑m

i=1 xi. K(
m∑
i=1

xi

) n∑
j=1

yj

 = x

 n∑
j=1

yj

 =

n∑
j=1

xyj =

m∑
i=1

n∑
j=1

xiyj. �

íØ 3.7 �m,n ∈ Z, x, y ∈ R. K (mx)(ny) = (mn)(xy).

y². ��ê�¥�\{ü ´ 0, 
� R¥�\{ü 

´ 0R, ¦{ü ´ 1R.

XJm,n ∈ Z+, Kdþã½n��

(mx)(ny) = (mn)(xy).

XJm,n¥k��´ 0, KØ��m = 0. d1oÙ1�

ù1 7��ÎÒ�½��, mx = 0R. � (mx)(ny) = 0R�

(mn)(xy) = 0R. (Ø¤á.

XJm,n���K, KØ�� n < 0. d1oÙ1�

ù1 7��ÎÒ�½��, (mx)(ny) = (mx)((−n)(−y)).

�

(mx)(ny) = (m(−n))(x(−y)) = (m(−n))(−xy) = (mn)(xy).

��, �m,nÑ´K�. K

(mx)(ny) = ((−m)(−x))((−n)(−y))

= ((−m)(−n))((−x)(−y))

= (mn)(xy). �
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5) 3.8 |^\{��Æ, þãíØ��±?�Ú�í

2�

(mx)(ny) = (mn)(xy) = m(nxy) = n(m(xy)).

3.2 �Ó�Úf�

½Â 3.9 � (R,+, 0R, ·, 1R)Ú (S,+, 0S, ·, 1S)´ü��.X

JN� φ : R −→ S ÷vé?¿ x, y ∈ R,

φ(x + y) = φ(x) + φ(y), φ(xy) = φ(x)φ(y), Ú φ(1R) = 1S,

K¡ φ´�Ó�. XJ�Ó� φ´ü�, K¡ φ´�i

\; XJ´V�, K¡�Ó�.

5¿�l R � S ��Ó� φ �½´ l (R,+, 0R) �

(S,+, 0S)�+Ó�. � φ(0R) = 0S (�1oÙ1�ù·

K 2.19 (i)). �âÚn 2.56, φ´�i\��=�

φ(x) = 0S =⇒ x = 0R.

~ 3.10 � n > 1. KûN� π : Z −→ Zn ´�Ó�. �

yXe: é?¿ x, y ∈ Z,

π(x + y) = x + y = x̄ + ȳ = π(x) + π(y)

Ú

π(xy) = xy = x̄ȳ = π(x)π(y)
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� π(1) = 1̄.

� C ∈ GLn(R). ½Â:

ψC : Mn(R) −→ Mn(R)

A 7→ C−1AC

´�Ó�. �yXe: � A,B ∈ Mn(R). K

ψC(A+B) = C−1(A+B)C = C−1AC+C−1BC = ψC(A)+ψC(B)

Ú

ψ(AB) = C−1ABC = (C−1AC)(C−1BC) = ψC(A)ψC(B)

� ψC(E) = C−1EC = E.

½Â 3.11 � (R,+, 0R, ·, 1R)´�, S ⊂ R¦� (S,+, 0R, ·, 1R)

�´�. K¡ S ´ R�f�(subring).

~ 3.12 �ê�´knê��f�.

~ 3.13 � A ∈ Mn(R)� A 6= O. -

R[A] := {
k∑
i=0

αkA
k | k ∈ N, αi ∈ R}.

�y R[A]´Mn(R)�f�� R[A]´���.

y². � B=
∑k

i=0 αiA
iÚ C=

∑`
j=0 βjA

j, Ù¥ αi, β ∈ R.
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(i) �y (R[A],+, O) ´ (Mn(R),+, O) �f+. Ï

�B − C E´ A ��K�g3 R þ��5|Ü, ¤±

B − C ∈ R[A]. df+�O{, �y�..

(ii) �y R[A]'u¦{µ4, �â2Â©�Æ,

BC =

k∑
i=1

∑̀
j=1

αiA
iβjA

j.

3�âÝ
$��5Æ,

BC =

k∑
i=1

∑̀
j=1

αiβjA
i+j. (1)

� BC ∈ R[A]. �y�..

Ï� E = A0, ¤± E ∈ R[A]. � R[A]´f�.

d (1) �í�L§�� CB =
∑k

i=1

∑`
j=1 αiβjA

i+j.

� BC = CB. ·��� R[A]´���.

·K 3.14 � φ : R −→ S ´�Ó�. K im(φ)´f�.

y². Ï� φ´'u\{�+Ó�, ¤± (im(φ),+, 0S)´

(S,+, 0S)�f+(1oÙ1�ù·K 2.28). � u, v ∈ im(φ).

K�3 x, y ∈ R¦� u = φ(x)Ú v = φ(y). K

uv = φ(x)φ(y) = φ(xy) =⇒ uv ∈ im(φ).

u´, S ¥�¦{'u im(φ)µ4. Ï� φ(1R) = 1S, ¤±

1S ∈ im(φ). � (im(φ), ·, 1S)´¹N�+. 
 im(φ)¥�©

�Æ�d S¥�©�Æ���Ñ. �
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3.3 "ÏfÚ�_�

½Â 3.15 � a, b´� R¥��"��. XJ ab = 0, K

¡ a´ R��"Ïf(left zero-divisor), b´ R�m"Ï

f(right zero-divisor). XJ x ∈ R ÷v x 6= 0� xQ�

�"Ïfq�m"Ïf, K¡ x ´�"Ïf (non-zero-

divisor). � R���, �m"ÏfÚ¡�"Ïf.

½Â 3.16 � R´�. K¹N�+ (R, ·, 1)¥��_�¡

�� R¥��_�.

~ 3.17 �ê�¥vk"Ïf, §��_�´ ±1.

·K 3.18 3 Zn¥, ā´"Ïf��=� 1< gcd(n, a)<n.

y². � g = gcd(n, a). K�3m ∈ Z+¦� n = mg. 2

� ` = lcm(n, a). �â1�Ù1où½n 7.10,

` = ma =⇒ m̄ā = ¯̀ = 0̄.

XJ 1 < g < n, K ā 6= 0̄� m̄ 6= 0̄ (Ï� 0 < m < n). � ā

´"Ïf. ��, � ā´"Ïf. K ā'u¦{Ø�_. �

g 6= 1 (1oÙ·K 1.16). qÏ� ā 6= 0. � g 6= n. �.

3 Zn¥�"�½ö´"Ïf½ö´�_�.

~ 3.19 �{� Z6¥�"Ïf´ 2̄, 3̄, 4̄, �_�´ 1̄Ú 5̄.
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~ 3.20 � A ∈ Mn(R)´�"Ý
. y² A´�½m"

Ïf��=� rank(A) < n.

y². � A ´�"Ïf. K�3�" B ∈ Mn(R) ¦�

AB = O. �â SylvesterØ�ª,

0 = rank(AB) ≥ rank(A)+rank(B)−n =⇒ rank(A) ≤ n−rank(B).

Ï� rank(B) > 0, ¤± rank(A) < n.

��, � rank(A) < n. K�3 v ∈ Rn \ {0n} ¦�
Av = 0n (1�Ù1nùíØ 4.2). �

B = (v,0n, . . . ,0n︸ ︷︷ ︸
n−1

).

K

AB = (Av, A0n, . . . , A0n) = O.

� A´�"Ïf.

¯¢þ, rank(At) ��u n. � At �´�"Ïf.

u´, �3�"Ý
 C ∈ Mn(R) ¦� AtC = O. u´,

CtA = O. ·��� A´�"Ïf��=�§´m"Ï

f. ù´Ý
����AÏ5�.

Ý
�Mn(R)¥��"Ý
½ö´"Ïf½ö´�_�.

e¡·�5?Øf�¥��_�. 5¿� Z´ Q¥
�f�. z��"�ê3 Q¥Ñ�_. ��"�ê3 Z¥
��_��k±1.
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~ 3.21 � B ∈ R[A] ��". y² B �_��=�

rank(B) = n.

y². �m´�����ê¦�

α0E + α1B + · · · + αmB
m = O,

Ù¥ αi ∈ R. d1�Ù·K 9.4 (Ý
¦_�õ�ª{), B

÷�, K B−1 ∈ R[B]. Ï� B ∈ R[A], ¤± R[B] ⊂ R[A].

� B−1 ∈ R[A]. ,����´w,�. �

·K 3.22 � UR´�R¥¤k�_��8Ü. K (U, ·, 1)

´+.

y². � x, y ∈ U . K xy ∈ U (1oÙ1�ù·K 2.6). �

�¥�¦{´ U þ���$�. ¦{w,÷v(ÜÆ, �

1 ∈ U . d�_��½Â��, x ∈ U =⇒ x−1 ∈ U . � U

´+. �

~ 3.23 (Fermat �½n) � p ´�ê, m ∈ Z \ {0} �
p - m. K

mp−1 ≡ 1 mod p.

y². 3� Zp¥, ?Û�"��Ñ´�_� (1oÙ·K

1.16). u´, Zp¥¤k�_��¤�+ UZp �k p− 1�

��� m̄ ∈ UZp. �â1oÙ1�ù½n 2.40, m̄p−1 = 1̄.

�mp−1 ≡ 1 mod p.
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3.4 ��Æ

·K 3.24 � R´�, a, b ∈ RÑ�", x, y ∈ R. K

(i) (���Æ) XJ a Ø´�"Ïf� ax = ay, K

x = y;

(ii) (m��Æ) XJ b Ø´m"Ïf� xb = yb, K

x = y.

y². (i) �â©�Æ

ax = ay =⇒ a(x− y) = 0.

Ï� aØ´�"Ïf, ¤± x− y = 0. u´, x = y.

(ii) aq. �

½Â 3.25 �D´���. XJD¥vk"Ïf, K¡D

´��(domain).

íØ 3.26 � D´��. Kéu?¿ x, y, z ∈ D� x 6= 0

xy = xz =⇒ y = z.

3.5 ��A�

½Â 3.27 � (R,+, 0, ·, 1)´�. XJ\{+ (R,+, 0)¥ 1

��k�, K ord(1)¡� R�A�. ÄK, R�A�½Â

�". � R�A�P� char(R).
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~ 3.28 �ê��A��u", 
 char(Zn) = n.

Ún 3.29 �� R �A��u n > 0, m ∈ Z÷v n|m.

Kéu?¿ r ∈ R, mr = 0.

y². �m = kn. �â2Â©�Æ, ·�k:

mr = (kn)r = kn(r · 1) = (kr) · (n1) = (kr) · 0 = 0. �

·K 3.30 (Freshmen’s dream) ����R�A�´�ê

p. Ké?¿ x, y ∈ R,

(x + y)p = xp + yp.

y². �â���þ���ª½n

(x + y)p = xp +

(
p−1∑
k=1

(
p

k

)
xp−kyk

)
+ yp.

�â1�Ù1�ù~ 7.17(1�Ù���!), p|
(
p
k

)
. dÚ

n 3.29��,(
p

k

)
xp−kyk = 0, k = 1, 2, . . . , p− 1.

� (x + y)p = xp + yp. �

~ 3.31 � p´�ê. é?¿ x, y ∈ Zp, (x+ y)p = xp + yp.

ù´Ï� char(Zp) = p.
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·K 3.32 � (R,+, 0R, ·, 1R) Ú (S,+, 0S, ·, 1S) ´ü��,

φ : R −→ S ´�Ó�. K

(i) char(R) = 0½ char(R) ≥ char(S) > 0;

(ii) � φ´üÓ��, char(R) = char(S).

y². � char(R) = kÚ char(S) = m.

(i) � k > 0. K k1R = 0R. 2�m = 0½m > k. K

0S = φ(k1R) (∵ k1R = 0R)

= φ(1R + · · · + 1R︸ ︷︷ ︸
k

) = φ(1R) + · · · + φ(1R)︸ ︷︷ ︸
k

= 1S + · · · + 1S︸ ︷︷ ︸
k

= k1S 6= 0S (∵ 0 < k < m).

gñ. �� k > 0�, m 6= 0� k ≥ m.

(ii) k�m = 0. d (i)��, k = 0.

2�m > 0. ��O��

φ(m1R) = φ(1R + · · · + 1R︸ ︷︷ ︸
m

)

= φ(1R) + · · · + φ(1R)︸ ︷︷ ︸
m

= 1S + · · · + 1S︸ ︷︷ ︸
m

= m1S = 0S.

XJ k > m. Km1R 6= 0. � φØ´ü�. gñ. ddÚ (i)

��, k = m. �
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·K 3.33 � D´��. K D�A�½´"½´�ê.

y². �m = char(D)�m = k`, Ù¥ k, ` ∈ Z+ \ {1}. K
d2Â©�Æ��, 0 = m1 = (k`)1 = (k1)(`1). Ï�D´

��, ¤± k1 = 0½ `1 = 0. � char(D) < m, gñ. �

4 �

4.1 ��½ÂÚÄ�5�

½Â 4.1 � F ´���. XJ F ¥?Û�"�Ñ�_,

K¡ F ´�(field).

aq/, ·��±½Âf��Vg.

~ 4.2 knê� QÚ¢ê� R´�, §��A��u",

� Q´ R�f�.

� p´�ê. K Zp´�. �yXe: � ā ∈ Zp \ {0̄}.
K p - a. Ï� p´�ê, ¤± gcd(p, a) = 1. �â1oÙ1

�ù·K 1.9, ā3 Zp¥�_. �y�..

5¿� Zp�A�´ p.

5) 4.3 � F ´�. K F ´��. �yXe:

� a, b ∈ F \ {0}. XJ ab = 0, K a−1(ab) = 0. u´,

b = 0. gñ. �y�..

�â·K 3.33, F �A�½ö´"½ö´�ê.
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·K 4.4 �F ÚK´�, φ : (F,+, 0F , ·, 1F ) −→ (K,+, 0K, ·, 1K)

´�Ó�. K φ´i\.

y². 5¿� φ´l (F,+, 0F )� (K,+, 0K)�+Ó�. d

Ún 2.56, ·���y²

φ(x) = 0K =⇒ x = 0F .

b� x ∈ F \ {0F}¦� φ(x) = 0K . K

φ(x−1x) = φ(x−1)φ(x) = 0K.

,��¡,

φ(x−1x) = φ(1F ) = 1K.

·�k 0K = 1K , gñ. �

4.2 �þ��5�ê

1�!�ÚnÙ¥'u�5�ê�(Ø(Ø
^�

2 6= 0�)é?Û� F Ú�I�m F nÑ¤á. ü�I�­

#�	�/�Xe. � F ´A��u 2��, A ∈ Mn(F ).

(i) XJ A´�é¡�, K A3é��þ���´Ä�

u"? � n´Ûê�, det(A)´Ä�u"?

(ii) � A¥kü1(�)�Ó. §�1�ª´Ä�u"?

20



� A = (ai,j)n×n.

(i) XJ A´�é¡�, K At = −A. = ai,j = −ai,j.
Ï� char(F ) = 2,¤± 1 = −1. u´, ai,j = aj,i. � A�é

¡Úé¡´�d�. ~X

B =


1̄ 0̄ 0̄

0̄ 1̄ 0̄

0̄ 0̄ 1̄


Q´é¡�q´�é¡�. � det(B) = 1̄ 6= 0̄. ,��¡,

éuA�Ø�u 2��þÛê��é¡Ý
�1�ª�

u".

(ii) Ø�� A�1�1Ú1�1�Ó. d1�ª�ú

ª½Â

det(A) =
∑
σ∈Sn

εσa1,σ(1)a2,σ(2)a3,σ(3) · · · an,σ(n).

Ï� char(F ) = 2, ¤± 1F = −1F . �

εσa1,σ(1)a2,σ(2)a3,σ(3) · · · an,σ(n) = a1,σ(1)a2,σ(2)a3,σ(3) · · · an,σ(n).

det(A) =
∑

σ∈Sn,σ(1)<σ(2)

(a1,σ(1)a2,σ(2) + a1,σ(2)a2,σ(1))a3,σ(3) · · · an,σ(n)

=
∑

σ∈Sn,σ(1)<σ(2)

(2a1,σ(1)a2,σ(2))a3,σ(3) · · · an,σ(n) ( ~A1 = ~A2)

= 0 (char(F ) = 2).
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u´, Ø
Ûê��é¡Ý
1�ª�u"±	, 'u�

5�§|!Ý
!�5�m!�þ!�5N�Ú1�ª

�¤k(J·^u¤k��þ�?Û�
.

~ 4.5 �

A =


1̄ 2̄ 3̄

0̄ 2̄ 4̄

1̄ 4̄ 2̄

 ∈ M3(Z5).

O�± A�XêÝ
�àg�5�§|�)�m VA �

�|Ä.

). |^ Gauss��{O�

A −→


1̄ 2̄ 3̄

0̄ 2̄ 4̄

0̄ 2̄ 4̄

 −→


1̄ 2̄ 3̄

0̄ 2̄ 4̄

0̄ 0̄ 0̄

 .

u´, rank(A) = 2 =⇒ dim(VA) = 1. d�§

2̄x2 + 4̄x3 = 0̄,

��

x2 = −3̄ 4̄x3 = −12x3 = 3̄x3.

?


x1 = −6̄x3 − 3̄x3 = −9̄x3 = x3.
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u´ VA��|Ä´ (1̄, 3̄, 1̄)t. �

VA =

λ


1̄

3̄

1̄

 |λ ∈ Z5

 .

~ 4.6 n��I�m Z3
2 'u\{´����+. §�

IOÄP� e1, e2, e3. XJ+ (Z3
2,+,0)�±dü���

u,v ∈ Z3
2)¤. K�3�ê�þ�Ý


M =

m1,1 m1,2 m1,3

m2,1 m2,2 m2,3

 ¦� (e1, e2, e3) = (u,v)M.

u´

E3 = (u,v)

m̄1,1 m̄1,2 m̄1,3

m̄2,1 m̄2,2 m̄2,3

 .

�ù� rank(E3) = 3gñ. �+ (Z3
2,+,0)��kn��

�)¤. ¯¢þ, Z3
2 = 〈e1, e2, e3〉.

�â1oÙ1�ùíØ 2.48, (Z3
2,+,0)Ó�u S8 �

f+. � S8 = 〈(12), (12345678)〉.

~ 4.7 � A ∈ Mn(R). y² rank(A) = rank(AtA).

y². � B = AtA, ± AÚ B �XêÝ
�àg�5�

§|�)�m©OP� VAÚ VB. � v ∈ VA. K

Bv = AtAv = At(Av) = At0 = 0.
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u´, VA ⊂ VB. ��, � w ∈ VB Ú y = Aw. -

y = (y1, . . . , yn)t.

K

wtAtAw = (Aw)t(Aw) = yty = (y1, . . . , yn)


y1
...

yn

 = y21+· · ·+y2n.

,��¡, wtAtAw = wtBw = wt0 = 0. u´,

y21 + · · · + y2n = 0.

Ï� y1, . . . , yn ∈ R, ¤± y1 = · · · = yn = 0. dd�Ñ

Aw = 0. ·��� w ∈ VB. ·�y²
 VA = VB. AO

k dim(VA) = dim(VB). �âéó½n,

rank(A) = n− dim(VA) = n− dim(VB) = rank(B). �

5¿�þ~¥�(Ø¿Ø´é?¿�Ñ¤á�. ~X3

Z5þ, -

A =

0̄ 1̄

0̄ 2̄

 .

K

AtA =

0̄ 0̄

1̄ 2̄

0̄ 1̄

0̄ 2̄

 = O.

5) 4.8 1��±SK 6é����Ø¤á.
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