SUE B RS

4.2 18 FRYSRMEKH

Wy TR e T AR LS R (% T B
2 4 0 FRME (T, P RASERAS ] Fr 85 psr. 74
BRI IR, B FORESET 2 FOs, A € M, (F),

(i) W A ZRIFRE, W A XA ERITR RS
TE? Y n Z2ETHE, det(A) B EHETE?

(i) B A P FT (B, ST R RS T %

WA= (G j)nxn.

) WIS A RADHFRE A" = —A. B ay, — —ay,
KN char(F) =2, b1 = —=1. T&, a;; = a;j;. ¥ A FEXS
PRSI FR S0 Y. 1] 4

()]

I
o Do
(@] —| (@)
1 Ol

R X R B SR RS AR, {H det(B) = 1 # 0. 35— 71,
X FHRFIEANTE T 2 38 E 7y BOR R B AR B AT 41 5SS

T



(ii) AW A B8 -—AT AR A7 AR BAT 402

det(A) = Z €ol1,5(1)A2,0(2)A3,0(3) " * * An,o(n)-

oES)

KA char(F) = 2, bl 1p = —1p. #

€ol1,0(1)02,0(2)A3,5(3) * " " An,o(n) = A1,0(1)42,6(2)A3,0(3) " * * An,o(n)-

det(A) = Z (@1,6(1)02,0(2) F O1,0(2)02,0(1))A3.0(3) * * * O (n)
c€Sn,0(l)<o(2)

- Z (201 5(1)02,0(2))03,0(3) * ** Anon) (A1 = A3)

c€Sp,0(l)<o(2)

=0 (char(F) = 2).

T, B 7 A B RS AR REAT 5 505 T F AL, kT4
VETT AR, REFE. USRS . ZPERREE AT 415X
BT 45 Rl H T Bira B3 b AR AT 7 R

5 4.1 &
1 23
A=10 2 4 €M3(25).
142
THULANRRIEEGTFRERMEFTAZAGE T HE] Vy 89

—4m A



iR, AR Gauss H EHTH

123 123
A— 024 — |0 24
024 000

T &, rank(A) =2 = dim(Vy) =1. H H 42

219 + 43 =0,
3
T = —3 le’g = —E$3 = 356’3.
#t
xr = —62133 — ?)LL“g = —9563 = I3.

FRV M—mAR (1,3,1). %

(

—

Vi=<A ’)\625

~"

— ol

\ )
Bl 4.2 Z A0 Z X ThoERA-ANLHBE S
RAEKRITH e, ey,e3. 2o X (Z3,+,0) TAHAANTE
u,veZEm. Wee,e; £u v ERGTENEF. T
A, dim(Z3) < 2. F /4.

% Cayley % 32, (Z3,+,0) R # T Sy 89T 2. 12
Ss = ((12), (12345678)) (&AL 2.45).

NS

3



5l 4.3 % A € M,(R). #E8] rank(A) = rank(A’A).
UEBH. & B = A'A, YA AFe B A ZEIEF G F R AW T
AR AT A Vy A2 Vg, X v e Vy N

Bv = A'Av = A'(Av) = A'0 = 0.
TR, VACVE RZ, BRweVphny=Aw. &
Y= W)
)

Y1
WA AW = (Aw)'(Aw) = y'y = (y1,. ., un) | ¢ | = yi+ - +up.

Yn
B—7 @, wAlAw = w'Bw = w0 =0. TA,

Sttt =0

BAy,...,un €R, BTy = - =y, = 0. HfFH
Aw = 0. &AMF 2w e V. &RAVEAT Vy = V. 4574
F dim(Vy) = dim(Vp). ARABEITAG T IE,

rank(A) = n — dim(Vy) = n — dim(Vp) = rank(B). O

T 2 ) b B S8 AN R AT R L Y. B e

Zs b, %

S
I
-~
Ol (@]
DOl



1l

i Ol
oI Ol
DI

o Ol
—

i) )

R 4.4 5+ —RA A 63— KBTI R .

4.3 IHRYERA
5 4.5 % (F,4,0p, -, 1p) £
(i) 42 % char(F) =0, 0
po: Q — F
o= (mlp)(nlp)”
AP mnecZ BEn#0, AL,
(ii) %2R char(F) =p >0, W

Op: Ly — F

a +— alp,
EPacZ, RRS.

UEB. () B S ', L e ZT. R ((nl)lp) ™t = (nlp)~t(01p)
Wi s IERE. AR4E E—Hdkit 3.7, (n0)lp=(nlp)({1p). &

(n0)1r)"" = ((nlp)(€1p)) " = (nlp) " (f1p) .

B 5 L.



IRk ¢y A REX®. X m/n=a/b, X F abeZ A
b#£0. ZAVE ZIIE

(mlp)(nlp) ™t = (alp)(blp) ™t (1)

BEXENT (blp)(mlp) = (alp)(nlp). BARIE Lo H
B, CHEMT bm(1plp) = an(1plp), BP (bm)lp = (an)lp.
B A bm = an, FTVA (1) sz, R & LA L.

SHEE m/n, k/l € Q),

on (24 5) =on (M) = (Gt + kim0

n / Kl
H

m k

& (=) + 6o (Z) = (m1p)(nlp) ™"+ (k1p)(e1p) "

TR, ZIE

R &4
(ml + kn)1p)((n)1p) ' = (mlp)(nlp) "t + (k1p)(01p) "

A R W7 & Fa i BULAE T %0 2 05 T2 .

FI0E
mk m k
®o (EZ) = ¢y (5> ®o (Z) : (3)
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R ZIIE (mk)1p((nd)1r)™t = (mlp)(nlp) t(k1p)(01p) L.
iz F AW 3T AET .
#H—F ¢o(1) = ¢o(1/1) = 151t = 1p. 22 EFTE ¢
(ii) B RIIE ¢, RRZXE). a=0b N a=0b+kp,
Hob b ARFEAEH K

pich)

¢p(@) = (b4 kp)lp = blp + k(plp) = blr = ¢y(b).
R T,y €Ly M
Op(T+Y) = ¢p(x +y) = (24y)1p = lpt+ylp = ¢p(T)+0y(Y)

H

Op(7Y) = ¢p(TY) = (2y)1r = (v1F)(ylr) = &p(2)dp(y).
FH (1) = 1(1p) = 1p TH, ¢, RAE.

B 4.6 (5 X)X D A%¥3F, D" =D\ {0}. £&4&
DxD* ERX =k AZ®T. & (a,b),(c,d) € D x D*
= X ad = be, W (a,b) ~ (¢, d).

HAVRIRIE ~ REFMH KA. EF (a,b) € D x D,
ab =ba = (a,b) ~ (a,b). B RMHERZ. & (a,b) ~ (c,d).
W ad = bc = cb = da = (¢,d) ~ (a,b). SFARPERRZ. &
(a,b) ~ (c,d) #= (c,d) ~ (e, f). M

ad = cb,cf = ed = adcf = ched = cd(af — eb) = 0.
7



R c#£0, Maf=eb (DA%IF). 22X c=0, W ad=0
Fref =0 a=e=0. TR af =0=be. % L&
(a,b) ~ (e, f). HZE R L.

W& (D x D*) ) ~ A Fr(D), #4€ (a,b) X T ~ 49
FMETAH a/b. Wa/b=c/d%HIRE ad = cb. =% %
FMXE ~HEAFFNRGLTALRLAHH)EN:
stFiE& v e D,y,z € D

T 2T
v
T & &AVE Fr(D) L& X hnikde T
a N c_ ad + bc
b d bd

I I IE Ao ik R B R S, % afb=d' /i Fo ¢/d=c Jd'. 1)

ab' =ad'b, cd = dd. (4)
) e ik 89 & SV Fe

a ¢ dd+bd

via T T va

INE A ik B2 &R A E
ad+bc a'd +bd
bd bvd

AP
Vd'(ad + bec) = bd(a'd + b'd). (5)

8



FAVI L X 85 At R

bd (ad + be) = ab/dd + bb'cd
= a'bdd + b'bc'd  (FRIE (4))
= bd(a'd +b'd).
BT Ao, (5) L. Bk B LAY,
T @ik (Fr(D),+,0/1) A X . WA ikdy 2 LT
Fa, + AR, BT L AETHA

a c e ad+bc e adf +bcf+ ebd
C%")+—: +— =
b d f bd f bdf
a c e\ cf—i—de adf + bef + bde
b \a ™" f) df bdf '
TR, &6F
ﬁ%ﬁﬁ%ﬁ&@a%éﬂ@%
a,0_a
b 1 b
i#t

b b B2 b2
FA&, (Fr(D),+,0/1) & X2
£ X Fr(D) 898 k4T s4E£E a/b,c/d € Fr(D),

ac ac

bd  bd

a —a ab—ba 0 0
1



AR BN EG T RIER Z X T B A

acd add

vd o vd
FIT VA
ac adc ac a'cd ) 0 '
IS = vl = <> acb'd = a'cbd.

I (4), mE—AMFXB AR,
AIE (Fr(D), -, 1/1) 24 2 F 2. FIR L@eHF5,

B S
(acyc e e
bd) f bdf b \df)’

R L D P RES RS (D), 1/1) X
Wb X F B RAMBRADBAE:
afc e\ _oacftde acf+ ade
p\d ")~ =

b df bdf
Fa
gg+gg_a_c+%_acbf+aebd
bd bf bd bf  bdbf
] 5

acf +ade acbf + aebd
bdf  bdbf

10




BT A BLAE AR 2. #& (Fr(D),+,0/1,-,1/1) & K3%3F.

el
a 0
H a#£ 0,
ab ab 1
ba ab 1

T &, a/b T#. KAVF 2 (Fr(D),+,0/1,-,1/1) 3. #F
Z A D w4,

el 4.7 1% D A3, N

RIFWERS.
LR, Fr(D) P HEEE R R, XHMEE 2,y € D,

olr+y)=d@)+oy) A olry) = d(x)o(y).

oo LA HN, (1) = 1/1. T &, ¢ BFFEE. &
o) =0/1. Wx/1=0/1. TR, x=0. HEEZE Y
@mm¢%$%[]

A A H

D%HM@:{%xED}

HIRATTRT LS D A im(¢) B R —FERT. Renltl, 38 2 /1 7]
W x. T4, D ALK Fr(D) 14

11



EFhE EHEMZIAN

1 —x%II

1.1 —xZIIIARHE

B RIEAHIA. L

~

R={(ro,r1,79,...,Tn,...) |rn € R, ARZANIEE]}.
FeArlE X
+ Rx R —s R
(oo )y (s )) = (o rn+8n,e)
FEEBMNDREFRZADIEFICHN LT P A —
MRAAEHEWREZADAEFT IR P Bomikz R g .

A EERAE (R, +,0) 2 B, Horh 0 /0% i 0 4L
il

FE X
R xR — R
(o) Coasnec)) = (e 2 TS - - -)
Tn
WweNFESr,=rpp=-=0Ms, =541 =---=0.

W= > 2wl Y, ris; = 0. HORAE RE XK. N

12



~

FHERATREIELE &, % a,b,é € R, Hrf

a = (CL(),CLl, .. .), BZ (bo,bl, .. .), c= (CQ,Cl, .. )

WATEIER (ab)e = a(be). NI, FAMER %

|
IO UED o O SPTALED o
1+j=n i+j=n \k+l{=i k+l+j=n
el
v, = Z apu; = Z ag Z becj | = Z arbec;.
k+i=n k+i=n (+j=1 k+0+j=n

g, = v,. AT ENSE SR RROT.
FATT R B8 IF Ffe v AT

fi:(7“0,7“1,7“2,...)(1,0,0,...):(To,fl“l,?“g,...):f.

13



MR, -, 1) AT L BB
B Ja ATAE B, W f=a(b+ &) M g=ab + aé. N

fn = Z a/i(bj + Cj) = Z (aibj + CL@Cj)

i+j=n i+j=n
(S s ] T
1+7=n 1+7=n

o BCE RS, FRATTIERA 7 N iR a .
#ER 1.1 AW (R, +,0,-, 1) RIHRF.

5138 1.2 % (R, +,0,-,1) A IR, W

~

o: R — R

r — (r0,0,...)
REGIREL.
L. B R HPIEEAE AT, SHERE s € R,
O(r+s) = (r+s,0,0,...) = o(r) + &(s),

¢(TS> - (TS7 0,0,.. ) - gb(T‘)(gb(S),

A
o(1) = (1,0,0,...) = 1.
14



W AR WHE ¢(r) =0, W (r,0,0,...) = (0,0,0,...).
W = 0. RV =25 —PF51BE 2.46, ¢ £ 4. O

TR RY5 RIITH {(r,0,0,...)|re R} FH. A
AT CAFE (r,0,0,...) TiE N r.

XTAEE r e R, 5= (s0,81,...,5,...) € R,

rs=(r,0,0,...)(S0,81,+-,8n,--.) = (rsp,r81,7S2,...).
7S
r=(0,1,0,0,...).

BATHBEE AL RIE: XH{EE n e ZT

"=(0,...,0,1,0,0,...). 6
T (7 Y0 )y Ty ) ) ()

n

M n=1 B, g BN, W n>1 HE580 n—1 5oz, M

" =xx" !t =2(0,...,0,1,0,0,...)
N——

= (0,1,0,0,...)(0,...,0,1,0,0, ...
(7777 )(7 )2y oy Y Y )

VA% 5E K.
Hﬂlﬁt?%ﬂjxﬂ‘{{% r= (TOJ 1,72y - ooy T 07 07 . ) S Ea

~

F =1+ 1z +rrt 4+ 4t

15



i

R= {Zrkazk\n eN,r, € R} = R|x].

k=0
HAVFR (R[z], +,0,-,1) & R LRFREIC 2 BI— 02 T
W@ 1.1 W (R[z], +,0, -, 1) /& R g LRSI, R
513 1.2, AT LA R C R[x].

AR 1.3 B 2892 A= (6) T4, SAEE rg,r,...,7ER,

ro+ric+---+rax"=0<=rg=r1=---=r, =0.

1.2 MESFEE

EX 1.4 &K p=pa"+paz"t+--+py € Rlz], &
¥ D, Pot, ..., D0 € R. @F p, £ 0, WA n £ pay
REL (degree), 1T deg(p); pn =& p 89 BH ILRE (leading
coefficient), 1A le(p). B p=08, CRHREKZE XA —o0
mEERARKZLH 0.

el 1.5 & p,q € Rlz]. W deg(p+q) < max(deg(p), deg(q)).
Y p, g REIFIE, F5 &L

ER. W p = Zf:opzﬂ?i Al g = Zﬁzo%’wj, HAd p,q; € R
Hopr £0F g #£0. AGwE k>0 T2
(

p—|—q:pkxk++p£+1x€+1+2(pz+qz)xz
1=0

16



Wdeglp+q) <kHE>(MNESHL Jp=08¢=0
N 2510 B SR AT, O

il 1.6 X p,q € Rlz]. M deg(pg) < deg(p) + deg(q). &
le(p)le(g) # 0 B, F5 M 2 H lc(pg) = lc(p)le(q).

EY. Wp =S pia’ Flg = Zﬁzo g’ K pig; € R

pq = (Prge)x"™ + (Prqe—1 + pr_1qe) s 4+ ARIRIA,

W deg(pq) < k+ € H prge # 0 W55 5L H. 1e(pg) = prae.
Pp=08q=0KNgLHRM. O

Bl 1.7 % f=22"+30+1Fg=30+42 Zz] TW %
RN, HH f+gH fg.
f. ARt HE

f4+g=22>+6x+5=2z"

Cﬂ I

A o BLAE 43
fg= f3z+f4 = (62°+92°+32)+(8z° +1224+4) = Sx°+3z+4.
EIE 1.8 X D AR N D[z] AR, 443, 4 F £

BE, Flo] 2 %37,

17



TR, W p,q € D[x]\ {0}. M 1c(p) 1 lc(q) EAZET 0.
A D FEEEIN BT LL le(p)le(q) # 0. WP am 1.6, 1c(pq) # 0.
W pg # 0. O

B 1.9 % F &3k W Flz] 8959 X3%kieh F(z). H5H,
R(z) & 5 & K6 H 2 HH MR H. ik p AEH N
Z,(x) ZAFAEFy I 69 TR IR
1.3 IHEEHE

AT BB AT 4 22 TR R A

EIE 110 X S AR, o R — SAFRAL, B
seS. MAELE—WIARL ¢, Rlz] — S HE

Pslr=0¢ Ho ds(x) =s.
IR, E X
¢s: Rlz] — S
S = S é(r)s'.
FIHRE ¢ RIFFD. Bp =31 pia’ g =3 g,

Hpi,q € RAYB k>0 T72

¢
p+q=per’ 4+ pea "+ Z(pz' +qi)a’.
1=0

18



14

Os(p+q) = o(pr)s" + -+ lper)s™ D dpi+ a)s' (s HIEX)

1=0

/
= d(pr)s" + -+ O(pe)s ™ + ) (6pi) + d(g)s” (¢ RFFINIE)

1=0

k ¢
_ qu(pi)si) 1 (Z qb(qj)8j> (IVEAT e )
i j=0

= ¢(pig;)s'™ (o5 BITEX)
= o(pi)o(g;)s™ (¢ TRIFIRIE)
= (6(p)s") (Bgy)s’) (S HAREIZH).

19



k 14
= ¢, §jzmmﬂwﬂ0 (7 SR RAR)

i=0 j=0
k V4
_ (6(p)s') (o(qy)s’)  (E3BIHE)
i=0 j=0
k l

5(1r) = ¢5(1rz") = ¢(1r)s" = 155" = 1.
o, RIFFA. WITE r € R
¢s(r) = ¢s(ra’) = ¢(r)s’ = ¢(r) = ¢slr = ¢.
FEAEVE AL

W Rlz] — S W FEZW R g = M p(z) =s.

20



il
k

b(p) = Z vp)Y(x) (¥ REEFED)

1=0
k
= " o(p)s' (v HOYER)

=¢(p) (¢ MIEX).

ME— % Az, O

TR IR e B IR A S o FROART ¢ 7 s A HY
BAARA. 4 S =R H ¢ =idg I, ¢, 828 % KM R[x]
2| R WTE s AWIRAERRES: f(z) — f(s)

B 1.11 % f =2> —4 € Z[2]. #HF f(15).

f(15) = 15* — 4 = 221.

}2\1

f(15) = ¢15(f) = d1s5((x — 2) (2 + 2))
= ¢15(CC — 2)§Z515(ZL’ + 2) (¢15 7%52: ]5] Z%)
= 13 x 17 = 221.

B 1.12 X rn:Z — Z, RARFEFRL). N

b 7 — T

m = m.

21



RkeZ, MAE 1104, ¢ RERL, P ¢z =7
H gplx)=k. %52, dEZE feZz], f(k) A EXH.

i 1.13 % g = (1792 — 286)(413z — 587). 5 ¢(3), L+
3€Zs. MTI 1.1074m, ¢5: Zx] — Zs RIFRAS, £
Fd5lz R Z B Zs 9T RS, B ps(x) = 3. 0

9(3)

¢3(g9) (FFHEL)

¢3((179x — 286)(413z — 587))

( 791 — 286)¢3(413x — 587)  (¢p3 AFRE)
— (1793 — 286)(4133 — 537) (o5 B9 = )

WL 1.14 & F R3%, A e M,(F). N
pa: Flx] —  F[A]
Zf:o pixi = Zf:o pz'Ai
A IRE S S, HF kEeN, py,p1,...,pr € F.
IR, RSB ZE = § 3.5 1, FIA] & #HIF. EEF

p: F — F[A]
A = AE,
A EAS. RIEEH 1.10, pa ZH palr = p M pa(z) = A
Bl E A FES. O
22



B 1.15 & f =2 -4 eRz], A= (
M. (k1)

| (4 4) (O 4)
f(A) = A2 —4E = _4E = .
0 4 00

(% 2) BA f=(x—2)(x+2), PTLA

F(A) = (A= 2E)(A +2E) = (8 é) (;l i) _ (8 3) |

i 1.16 X A, B e M,(F), £+ F &% 9
(AB)” = BVAY.

UEBH. 4e R A de B 7T17, W 406929 S5E LA o — 4

KRrAF EW—"1ARZT, A, =zE+ A, B,
vE + B. N det(A,) #= det(B,) #R A K E A n 49 % 7 X
# A, A2 B, & M, (F(x)) #89TEL. T,

L3 (A DY P TR IR UE A p(x), BPAYYE #

AT H IR E AR ¢ (x), 4,5 € {1,2,...,n}. EATH

A Flz] 8% K. B EXT4, pi(z) =g (x). BT

4, pij(0) = ¢ ;(0). 1 p;i;(0) £ (AB)Y ¥ % i 175 j 3I&
23



WA, i (0) & BYAY b i 75 j Pl A E. ANAE
%) (AB)" = BYAY. [

1.4 ZINTNRIBRIE
5138 1.17 % f,g € R[z] L g #0. ik lc(g) T, N A&
HE—0 LA KX q,r € R[z] B A

f=qg+r #= deg(r) < deg(g).

TER. (B M) M deg(f) < deg(g) B, & q=0Fr = f{]
GRS

;H\:EF'/@ > 0, fi,gj € Rﬁgn ﬁﬁ@
BADT B VHGN. k=00, 115

f - fng;lg = (fn - fngglgn)xn + (fn—l - fngglgn_l)xn—l + .-+ fO o fngglgo
- \(fn_l - fngglgn—l)«fn_l +- 4 fo— fngglgg

'
r

B q= fug;'. W f=qg+r H deg(r) <nBiAJ.
Wk > 0Hﬁf@ﬁ¢?k%@%&jﬁﬁi

= fn+k9{1$kg
- (fnJr/f - fnJrkgy;lgn)x + (fnJrk—l - fn+kgrzlgn—1)ilf
+ (fk: - fn+kgglg())$k + fk_lgjk_l + .+ fO

= \(fn—i—k:—l - fn+kgglgn—1)xn+k_l + (fk: - fn+kg7;190)xk + fk—lxk_l + fg
n

-1
n+k n+k +

24



M deg(h) < n + k. HIHZR 5 BIE B H 2 — B 45 e ml
15, 1715 §,r € R[x] Wi 2

h=qg+r M deg(r)<n

iy
f=(fg, 2" " +q)g+r

"~

q

FEAEAE BT
CE—MW) HiX ¢,r € Rz e

f=dg+r" A deg(r') < deg(g).

il
(a—d)g=r"—r (7)
A4 deg(r) < deg(g) H. deg(r') < deg(g), FTEA
deg(r’ — 1) < deg(g)

(/R 1.5). KA le(g) AT, AT R

deg((¢ — ¢')g) = deg(q — ¢') + deg(g)

(fr/ 1.6). HHEERIED (7)) 425 ¢ = ¢ dEim, r =1 ME—E
Az, O

W G117 FIRF5, AT ¢ 28 FRC F R TBraC
gMA, r s i8N quol(f,g,z) M rem(f, g, x). B
Al LA IS AR SE T .

25



B 118 X f=2+30+1Ag=202+1RQz] ¥4 %
AKX, 71 H rem(f, g, 1).
fift. At HAF

1 5!

h::f—ixgzix—l—l.

A deg(h) < deg(g), PT VA

3 1
rem(f,g,x):§x+1 Am QU.O(f,g,.T):i.T-

B 1.19 X f =32+ 222+ 140 g = 222 + 4 & Zs[z] F 8
%A X, 7 H quo(f,g,x) F= rem(f, g, x).
R EEF 2 =3 FT&

hi=f—3-3cg=f—4dovg=22"—x+1=22+4z+ 1.
ho:=hi —¢g=4r — 3 =4z + 2.
T X,
f—drg—g=4dx+2 = [f=(dx+1)g+ (4x +2).

FAF 2 quo(f, g, x) = 4z + 1 Ferem(f, g, x) = 4z + 2.

EIE 1.20 X F 2B, f,ge Fla] L g+#0. W HFEE—
%R K q,r € Flz] #H A

f=qg+r #=  deg(r) < deg(g).

26



TR, BN g # 0, Frlhle(g) # 0. I F &3k, Frid le(g)
Ar AR S B 117, R AR A HfE—. O

EE 1.21 (#XZ®)Ka€RF f(xr) € Rz]. N
f(a) = rem(f,z — a).

. B le(x —a) = 1 ZA[EH) H deg(x — a) = 1, Bk
71t ¢ € R[z] M r € R #1115

flz) = q(z)(z —a)+r
EEIE o RN o RUHFES. TR,

fla) = qla)(a —a) + 7.
W f(a) =r. O
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