
1ÊÙ Eê�Úõ�ª

1.5 õ�ª��

½Â 1.22 � F ÚK´�,� F ´K�f�.� f ∈ F [x]

� α ∈ K. XJ f (α) = 0, K¡ α ´ f 3 K ¥���

�(root), = α´�§ f (x) = 03 K ¥���).

~ 1.23 õ�ª x2 − 2 ∈ Q[x]3 R¥k� ±
√

2. �§3

Q¥Ã�.

·K 1.24 � F ´�, f ∈ F [x] � deg(f ) = n > 0. K

α ∈ F ´ f ����=� rem(f, x− α) = 0;

y². d{ª½n��,

f (α) = 0 ⇐⇒ rem(f, x− α) = 0. �

½n 1.25 � F ´�, f ∈ F [x]� deg(f ) = n > 0. K f

3� F ¥�õk n�pØ�Ó��.

y². ({ 1). én8B.�n = 1�, f = f1x+f0, f1, f0 ∈ F
� f1 6= 0. K f �����´−f−11 f0. (Ø¤á.

� n > 1�(Øé n− 1¤á. XJ f 3 F ¥vk�,

K(Øw,¤á. ÄK,� α ∈ F ´ f ����.�â·K
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1.24, f (x) = g(x)(x − α), Ù¥ g ∈ F [x]� deg(g) = n − 1.

2� β´ f ���ØÓu α��. K

0 = f (β) = g(β)(β − α).

� g(β) = 0. d8Bb���, g�õk n− 1�pØ�Ó

��. � f �õk n�pØ�Ó��.

({ 2)b� fkn�pØ�Ó��, α1, α2, . . . , αn, αn+1 ∈
F . 2-

f (x) = fnx
n + · · · + f1x + f0, fk ∈ F.

K

fnα
n
i + · · · + f1αi + f0 = 0, i = 1, 2, . . . , n + 1.

� 
1 α1 . . . αn1

1 α2 . . . αn2
... ... . . . ...

1 αn . . . αnn




f0

f1
...

fn


︸ ︷︷ ︸

A

= 0n+1

5¿� A´ n + 1�����Ý
�Ù1�ª�", �

fn = fn−1 = · · · = f0 = 0. � deg(f ) > 0gñ. �

~ 1.26 é?¿ a ∈ R, Ý


0 a

0 0

 Ñ´ f (x) = x2��.
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Ï"�(

ÝÝÝ


ÜÜÜ©©©

� F ´�.

1. �


(a) (Mn(F ),+, O, ·, E)´�����é?¿ λ ∈ F ,

A,B ∈ Mn(F ),

λ(A+B) = λA+λB, λ(AB) = (λA)B = A(λB).

(b) A�_��=� A÷�;

(c) A´�(m)"Ïf��=� Aº�� A 6= O;

(d) A´¥%���=� A´ê¦Ý
(y²Ø�

¦);

(e) (Mn(F ),+, O, ·, E) ¤k�_Ý
éu¦{�

¤+ GLn(F ), ¡� F þ����5+. AO

k: éu?¿ A,B ∈ GLn(F )
(
A−1

)−1
= AÚ

(AB)−1 = B−1A−1.

2. Ð��d

(a) 1 I!II!IIIaÐ�Ý
�½Â!¿ÂÚ§��

_Ñ´ÓaÐ�Ý
;
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(b) �ÉÚn;

(c) �_Ý
´Ð�Ý
�È§�d/`{, GLn(F )

��|)¤�´¤k F þ� n× nÐ�Ý
.

3. Ý
¦_

(a) 1C�{,

(b) õ�ª{: � A ∈ Mn(F ). K�3 f ∈ F [A] \ 0

¦� f (A) = 0. � f ´÷vþã^��gê�

��õ�ª. KA�_��=� f (0) 6= 0. d�,

ÏL f �±¦Ñ g ∈ F [x]¦� A−1 = g(A).

4. Ý
©¬(Ø;��, |^Ý
©¬y²��Ø�ª

Ø�)

111���ªªªÜÜÜ©©©

1. ½Â�5�:

(a) 1�ª½Â�I�\{Ú¦{;

det((ai,j)n×n) =
∑
σ∈Sn

εσa1,σ(1) · · · an,σ(n).

(b) 1�ªõ�5�é¡, �XJkü1½ü�

�Ó, K1�ª���u";
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(c) =��±1�ª��;

(d) 1�ª¦È½n.

íØ: (i)�A ∈ GLn(F ). K det(A−1) = det(A)−1.

(ii) det : GLn(F )→ (F ∗, ·, 1)´+Ó�.

2. 1�ª�O�

(a) |^Ð�1�C�z�þ(e)n�/;

(b) |^U�1��Ðmé48úª, ¿^8B{

y²Túª;

(c) |^©¬Ý
O�1�ª.

3. 1�ª�A^

(a) ��Ý
Ú�Ý
�_�'X. SK

(AB)∨ = B∨A∨

Ø�;

(b) Cramer{KØ;��;

(c) Ý
��Ú§fª�'X. §`²��Vg�

Ú\{¦{k'.

+++!!!���!!!���

1. ��$�Ø;��. Ó{$�7�.
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2. +

(a) +!Ó�!Ó�!f+�½Â, f+��O{;

(b) �$���Ì�+§�$�����+;

(c) +Úf+�)¤�;

(d) +¥�����O�;

(e) Ì�+�©a, (½Ì�+�¤kf+.

(f) Lagrange½nÚ Cayley½nØ�.

3. �

(a) �!Ó�!Ó�!f�, ���½Â, ��A�;

(b) 2Â©�Æ;

(c) f���y, ~X R[A], Z[
√

2];

(d) �¥��Úm"ÏfÚ�_�, �¥¤k�_

�|¤�¦{+, �{�Ú F [A]¥�"ÏfÚ

�_��(½;

(e) �¥���Æ;

(f) Ó�(üÓ�)�A��'X;

(g) �"�Ú�"Ý
Ø�.

4. �
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(a) �!Ó�!Ó�!f�, ��A�,

(b) f���y(��f�Ú�"��_),

(c) ���©ª�(Ø�¦y²),

(d) ��i\,

(e) �þ��5�ê.

������õõõ���ªªª

1. �½��Ú\Ø�.

2. 3 R[x]¥

(a) gê!Ä�Xê

(b) \{!¦{

(c) D�Ó�(y²Ø�¦)

3. 3 F [x]¥, F ´�

(a) F [x]´��,

(b) F [x]¥�Ø{,

(c) � f ∈ F [x]Ú A ∈ Mn(F ). O� f (A).
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2 õ�õ�ª

r R[x]w�Xê�, R[x][y]´ R[x]þ�'u y��

�õ�ª�.

~ 2.1 �

f = (x2 + 1)y3 − (x + 1)y2 − x5 + 2x ∈ Z[x][y]

= x2y3 + y3 − xy2 − y2 − x5 + 2x (©�Æ)

= −x5 + y3x2 + (2− y2)x + y3 − y2 ∈ Z[y][x].

dd��, Z[x][y] = Z[y][x] =: Z[x, y]¿¡�� Zþ��
�õ�ª�.

2.1 õ�õ�ª�

½Â 2.2 � R´���. ��� R[x1][x2] · · · [xn]¡� R

þ� n�õ�ª�, P� R[x1, . . . , xn].

½n 2.3 � R´���, R[x1, . . . , xn]´��.

y². � R´��. � n = 1� R[x1]´��(1�8ù½

n 1.8). é n8B����Ñ R[x1, . . . , xn]�´��. �

½Â 2.4 � R[x1, . . . , xn]´��� Rþ�õ�ª�. -

Xn =
{
xd11 · · · xdnn | d1, . . . , dn ∈ N

}
,
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Ù¥��M = xd11 · · · xdnn ¡�ü�ª, d1 + · · · + dn¡�

M �(o)gê, P� deg(M).  di ¡� M 'u xi �g

ê, P� degxi(M), i = 1, . . . , n.

5) 2.5 �M,N ∈ Xn, KMN ∈ Xn�

deg(MN) = deg(M) + deg(N).

e¡·�ïÄXÛ^ü�ªL«õ�ª. d~ 2.1��,

ÏLR[x1, . . . , xn]¥�$�, R[x1, . . . , xn]¥�?Û�� f

�±�¤

f = α1M1 + · · · + αkMk, (1)

Ù¥ k ∈ Z+, α1, . . . , αk ∈ R, M1, . . . ,Mk ∈ Xn. ÏLÜ¿

Óa�, ·��?�Úb�þª¥M1, . . . ,MküüØÓ.

Ún 2.6 � (1) ¥ M1, . . . ,Mk üüØÓ� f = 0. K

α1 = · · · = αk = 0.

y². é n8B. � n = 1�, (Ø¤á(�½n 2.1 (i)). �

n > 1�(Ø3 n− 1�¤á. �

d = max(degxn(M1), . . . , degxn(Mk)).

XJ d = 0, K xn3M1, . . . ,Mk¥ÑØÑy. d8Bb�

α1 = · · · = αk = 0.
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y3�Ä d > 0��/. b� α1, . . . , αkÑØ�u".

2� i ∈ {1, . . . , n}¦�M1, . . . ,Mi−1'u xn�gêÑ�

u d,  degxn(Mi) = degxn(Mi+1) = · · · = degxn(Mk) = d.

K Mi = Nix
d
n, . . . ,Mk = Nkx

d
n, Ù¥ Ni, . . . , Nk ∈ Xn−1.

u´

0 = α1M1 + · · · + αi−1Mi−1︸ ︷︷ ︸
P

+ (αiNi + · · · + αkNk)︸ ︷︷ ︸
Q

xdn.

5¿� P ��'u xn�õ�ªk degxn(P )<d. �â½n

2.1, Q=0. 2d8Bb���, αi= · · ·=αk=0, gñ. �

½n 2.7 � p ∈ R[x1, . . . , xn] � p 6= 0. K�3��

� k ∈ Z+, α1, . . . , αk ∈ R \ {0} ÚüüØÓ�ü�ª
M1, . . . ,Mk ∈ Xn¦�

p = α1M1 + · · · + αkMk. (2)

(k�¡þãL�ª� p�“©Ùª”.)

y². �35d����$�5Æ����.

e¡y²��5. �

p = β1N1 + · · · + β`N`,

Ù¥ β1, . . . , β` ∈ R \ {0} and N1, . . . , N` ∈ XnüüØÓ.

2� i ∈ {1, 2, . . . ,min(k, `)}¦�M1 = N1, . . . ,Mi = Ni,
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�é?¿� s, t ∈ {i + 1, . . . ,max(s, t)}, Ms 6= Nt. K:

p− p =(α1 − β1)M1 + · · · + (αi − βi)Mi

+ αi+1Mi+1 + · · · + αkMk + (−βi+1)Ni+1 + · · · + (−β`)N` = 0.

�âÚn 2.6, i = k = `� α1 = β1, . . . , αk = βk. �

½Â 2.8 � p ∈ R[x1, . . . , xn] \ {0}�©ÙªL«� (2).

õ�ª p�(o)gê½Â�

max(deg(M1), . . . , deg(Mk)),

P� deg(p). d	, 0�gê½Â� −∞.

5) 2.9 � p ∈ R[x1, . . . , xn]Ú i ∈ {1, . . . , n}. ·�rw
¤ p3Xê� R[x1, . . . , xi−1, xi+1, . . . , xn] þ'u xi ��

õ�ª. õ�ª p'u xi�gêP� degxi(p).

~ 2.10 �µf=2(x−y)(x+y)+3y2−5xyz−(y+z)2−2y3∈Z[x, y, z].

¦ degx(f ), degy(f ), degz(f )Ú deg(f ).

). |^���¥�O�5K��

f = 2x2 − (5yz)x− 2yz − z2 − 2y3 (w¤'u x��õ�ª)

= −2y3 − (2xz + 2z)y + 2x2 − z2 (w¤'u y��õ�ª)

= −z2 − (5xy + 2y)z + 2x2 − 2y3 (w¤'u z��õ�ª)

= −(2y3 + 5xyz) + (2x2 − 2yz − z2) (©ÙL«).

u´degx(p) = 2, degy(p) = 3, degz(p) = 2Ú deg(p) = 3.
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2.2 àg(homogeneous)õ�ª

�
ïÄõ�õ�ª�\{Ú¦{, ·�Ú\àgõ

�ª�Vg.

½Â 2.11 � h ∈ R[x1, . . . , xn]. XJ�3 β1, . . . , β` ∈ R
Ú dg�ü�ª N1, . . . , N`∈Xn ¦�

h = β1N1 + · · · + β`N`,

K¡ h´à dg�. AO/, 0@�´à?¿g�õ�ª.

XJõ�ª h�", K§´à dg���=�3§�©Ù

L�ª¥Ñy�ü�ªÑ´ dg�. ?Û���"� dg

õ�ª pÑ�±��/�¤

p = hd + hd−1 + · · · + h0,

Ù¥ hi´à ig�õ�ª� hd 6= 0. ·�¡þª� p�à

g£\{¤©).

~ 2.12 ~ 2.10¥�õ�ª f = h3 + h2 + h1 + h0,Ù¥

h3 = −(3y3 + 5xyz), h2 = 2x2 − 2yz − z2, h1 = h0 = 0.

Ún 2.13 � hdÚ he©O´ R[x1, . . . , xn]¥à dgÚà

egõ�ª. K

(i) deg(hd + he) ≤ max(d, e), �� d 6= e��ª¤á.
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(ii) deg(hdhe) ≤ d + e, �� R´����ª¤á.

y². (i) � d > e�, hd¥Ñy�ü�ªØ�U� he¥

�ü�ª��. dÚn 2.6, deg(hd + he) = d. � d = e�,

deg(hd + he) = d½ 0. (Ø¤á.

(ii) d5º 2.9��, hdhe½ö�u"½ö´à d + e

gõ�ª. � R���, R[x1, . . . , xn]�´��.u´� hd

Ú heÑ�"�, hdhe�Ø�u". � deg(hdhe) = d + e. �

½n 2.14 � pÚ q©O´ R[x1, . . . , xn]¥ dgÚ egõ

�ª. K

(i) deg(p + q) ≤ max(d, e), �� d 6= e���ª¤á.

(ii) deg(pq) ≤ d + e, �� R´����ª¤á.

y². � p½ q�u"�, (Øw,¤á. � pÚ qÑØ�

u". -

p = gd + · · · + g1 + g0 Ú q = he + · · · + h1 + h0,

Ù¥ gi´à ig�, hj´à jg�, � hdÚ geÑ�".

(i) � d > e�, gd´Ñy3 p + q�àg\{©)¥

gê�p�àgõ�ª, u´ deg(p + q) = d. � d = e�,

dÚn 2.13 (i)��, deg(p + q) ≤ d.

(ii) dÚn 2.13 (ii)��,

pq = gdhe + r,
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Ù¥ r�àg©)¥Ñy�àgõ�ª�gê�u d + e.

u´, deg(pq) ≤ d + e. � R´���. deg(gdhe) = d + e.

ù�´ pq�gê. �

2.3 D�Ó�

·�r'u��õ�ª��D�Ó�½ní2�õ

��/.

½n 2.15 � RÚ S ´ü����, φ : R −→ S ´�Ó

�. é?¿� s1, . . . , sn ∈ S, �3����Ó� φs1,...,sn :

R[x1, . . . , xn] −→ S ¦�

φs1,...,sn(xi) = si, i = 1, . . . , n � φs1,...,sn|R = φ.

y². é n8B. � n = 1�, ½n=���õ�ª�D�

Ó�½n(�½n 2.3). � n − 1�½n¤á. =�3��

��Ó� φs1,...,sn−1 : R[x1, . . . , xn−1] −→ S÷v

φs1,...,sn−1(xi) = xi, i = 1, . . . , n− 1 � φs1,...,sn−1|R = φ.

- ψ = φs1,...,sn−1. é ψ, R[x1, . . . , xn−1][xn]Ú sn2g^½

n 2.3������Ó�: ψsn : R[x1, . . . , xn−1][xn] −→ S

÷v ψsn(xn) = sn� ψsn|R[x1,...,xn−1] = ψ. ���wÑ ψsn

Ò´¤�¦�Ó� φs1,...,sn. �
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~ 2.16 �F ´�. φ : F−→F ´ðÓN�, α1, . . . , αn∈F .
K�3���D�Ó�

φα1,...,αn : F [x1, . . . , xn] −→ F

p(x1, . . . , xn) 7→ p(α1, . . . , αn).

XJ p(α1, . . . , αn) = 0, K¡ (α1, . . . , αn)´õ�ª p3 F

þ���":.

õ�ª x21 + x22 − 13 Rþ¤k":�8Ü´ü �.

3 Eê

3.1 Eê�

�

C := {x + y
√
−1 |x, y ∈ R}.

� z = x+ y
√
−1,Ù¥ x, y ∈ R. K x¡� z�¢Ü,P�

Re(z); y¡� z�JÜ, P� Im(z). 5¿� R ⊂ C.

½Â

+ : C× C −→ C
(x1 + y1

√
−1, x2 + y2

√
−1) 7→ (x1 + x2) + (y1 + y2)

√
−1.

����y (C,+, 0)´��+. ½Â

· : C× C −→ C
(x1 + y1

√
−1, x2 + y2

√
−1) 7→ (x1x2 − y1y2) + (x1y2 + y1x2)

√
−1.
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����y (C, ·, 1)´��¹N�+.

����y©�Æ¤á. u´, (C,+, 0, ·, 1)´���.

� z = x+ y
√
−1,Ù¥ x, y ∈ R. K z̄ = x− y

√
−1¡

� z��Ý. 5¿�

zz̄ = x2 + y2 ∈ R.

� z 6= 0�,

z
z̄

x2 + y2
= 1.

� (C,+, 0, ·, 1)´�, ¡��Eê�. §���¡�Eê.

~ 3.1 �

F =


 x y

−y x

 | x, y ∈ R

 .

K F ´M2(R)���f�, (F,+, O, ·, E)´�. e¡·�

�y F Ú C´Ó��.

½Â

φ : F −→ C x y

−y x

 7→ x + y
√
−1.

����yé?¿A,B ∈ F , φ(A+B) = φ(A) +φ(B). �

A =

 x y

−y x

 Ú B =

 u v

−v u

 .
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K

φ(AB) = φ(

 xu− yv xv + yu

−xv − yu xu− yv

)

= (xu− yv) + (xv + yu)
√
−1

= (x + y
√
−1)(u + v

√
−1)

= φ(A)φ(B).

?, φ(E) = 1. � φ´�Ó�. w, φ´÷�. 2�â

·K1oÙ1nù·K 4.4, φ´Ó�.

5¿�

φ(

 0 1

−1 0

) =
√
−1.

Ï�  0 1

−1 0

2

= −E,

¤±
√
−1

2
= −1´Ün�.

P
√
−1� i, ¡�Jü .

·K 3.2 �ÝN� z 7→ z̄´l C� C�Ó�� |̄R = idR.

y². � z = x+yi, x, y ∈ R. K z̄ = x−yi. u´,� y = 0

�, z̄ = z. � |̄R = idR. ?,

¯̄z = x− yi = x + yi = z.
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��ÝN��_´§g�, l´V�. e¡�Iy²�

ÝN�´Ó�. 2� z′ = x′ + y′i, Ù¥ x′, y′ ∈ R. K

z + z′ = (x + x′) + (y + y′)i = (x + x′)− (y + y′)i

= (x− yi) + (x′ − y′i) = z̄ + z̄′. �

3.2 Eê�4L«

� z = x + yi, Ù¥ x, y ∈ RØ��". K

z =
√
x2 + y2

(
x√

x2 + y2
+

y√
x2 + y2

i

)
.

K�3��� θ ∈ [0, 2π)¦�,

cos θ =
x√

x2 + y2
Ú sin θ =

y√
x2 + y2

.

¡
√
x2 + y2� z���, P� |z|. ¡ θ� z�Ì�, P�

arg z. 2� 0����", Ì�?¿. Ké?¿ z ∈ C,

z = |z|(cos(θ) + sin(θ)i).

¡�� z�4zúª.

Ún 3.3 �Eê

z1 = |z1|(cos(θ1) + sin(θ1)i), z2 = |z2|(cos(θ2) + sin(θ2)i).

K

z1z2 = |z1||z2|(cos(θ1 + θ2) + sin(θ1 + θ2)i).

18



y². ��O��

z1z2 = |z1||z2|

(cos(θ1) cos(θ2)− sin(θ1) sin(θ2)) + (cos(θ1) sin(θ2) + sin(θ1) cos(θ2))i

= |z1||z2|(cos(θ1 + θ2) + sin(θ1 + θ2)i). �

·K 3.4 � z = |z|(cos(θ) + sin(θ)i).

(i) é?¿ n ∈ N, zn = |z|n(cos(nθ) + sin(nθ)i).

(ii) XJ z 6= 0, K z−1 = |z|−1(cos(θ)− sin(θ)i).

y². (i) é n8B. � n = 0�, (Øw,¤á. � n > 0

�(Øé n− 1�¤á.

zn = zzn−1

= |z|(cos(θ) + sin(θ)i)|z|n−1(cos((n− 1)θ) + sin((n− 1)θ)i)

(8Bb�)

= |z|n(cos(nθ) + sin(nθ)i) (Ún 3.3).

(ii) ��O��

z|z|−1(cos(θ)− sin(θ)i)

= |z|(cos(θ) + sin(θ)i)|z|−1(cos(−θ) + sin(−θ)i)

= 1 (Ún 3.3). �

-

eiθ = cos(θ) + sin(θ)i.
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K, z = |z|(cos(θ) + sin(θ)i)�{P� z = |z|eiθ. þãÚn
Ú·K¥�(Ø���

z1 = |z1|eiθ1, z2 = |z2|eiθ2 =⇒ z1z2 = |z1||z2|ei(θ1+θ2).

� z = |z|eiθ 6= 0 �, é?¿ n ∈ Z, zn = |z|neinθ, Ú
z̄ = |z|e−iθ.

Euler “úª”

eiπ + 1 = 0.

3.3 ü �

� n ∈ Z+. �§ zn = 13 C¥��¡� ngü �.

·K 3.5 �§ zn = 13 C¥k n�pØ�Ó��

εk = e
2kπi
n , k = 0, 1, . . . , n− 1.

y². ��O��

εnk = e2kπi = 1.

� ε0, ε1, . . . , εn−1 Ñ´ü �. � k,m ∈ {0, 1, . . . , n − 1}
� k ≤ m. XJ εk = εm, K

1 = εmε
−1
k = e

2(m−k)πi
n .

Ï�m−k ∈ {0, 1, . . . , n−1},¤±m = k. � ε0, ε1, . . . , εn−1

üüØÓ. �
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�â1ÊÙ1�ù½n 3.19, �§ zn = 13 C¥�
�õk n��. u´, C¥Tk n�pØ�Ó�ü �. P

Un´ù
ü ��8Ü.

·K 3.6 n�| (Un, ·, 1)´Ì�+. Un = 〈ε`〉��=�
gcd(`, n) = 1.

y². � εk, εm ∈ Un. K (εkε
−1
m )n = εnk(εnm)−1 = 1. �

εkε
−1
m ∈ Un. � (Un, ·, 1)´ (C∗, ·, 1)�f+(1oÙ1�ù

·K 2.24).

é?¿ k ∈ {0, 1, . . . , n− 1}, εk = εk1. u´, Un = 〈ε1〉.
� ` ∈ {0, 1, . . . , n}¦� gcd(`, n) = 1. é?¿ k ∈ Z,

�3 u, v ∈ Z¦� u`+ vn = k. (Bezout'X���íØ).

u´,

εk = εk1 = εu`+vn1 =
(
ε`1
)u

(εn1)v = εu` .

� Un = 〈ε`〉.
� Un = 〈ε`〉. K�3 u ∈ Z¦� εu` = ε1. � ε`u−11 = 1.

Ï� ord(ε1) = n, ¤± n|(`u − 1). ��3 v ∈ Z ¦�
`u − 1 = vn (1oÙ1�ù·K 2.38 (ii)), = `u + vn = 1.

�â1�Ù1où½n 7.8, gcd(`, n) = 1. �

� Un = 〈ε`〉�, ε`¡� ng��ü �.
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