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1. (10©) �k�� Z3 = {0̄, 1̄, 2̄}. O��5�§|


x1 + 2̄x2 + x3 + 2̄x4 = 1̄

x1 + x3 = 2̄

x1 + x2 + x3 + x4 = 0̄

3 Z4
3¥�¤k)��ê.

). �

A =


1̄ 2̄ 1̄ 2̄

1̄ 0̄ 1̄ 0̄

1̄ 1̄ 1̄ 1̄

 Ú b =


1̄

2̄

0̄

 .

Kþã�§|´ Ax = b. dpd��{��

(A|b)→


1̄ 2̄ 1̄ 2̄ 1̄

0̄ 1̄ 0̄ 1̄ 1̄

0̄ 2̄ 0̄ 2̄ 2̄

→


1̄ 2̄ 1̄ 2̄ 1̄

0̄ 1̄ 0̄ 1̄ 1̄

0̄ 0̄ 0̄ 0̄ 0̄

 .

� rank(A) = rank(A|b) = 2. �§| Ax = b k), �)6/��ê�u

4− 2 = 2. u´, T�§|�k 32 = 9�).

2. (10©)�¢Ý
A =


1 −1 −1

−1 2 −1

−1 −1 2

 . O� A−1, det(A)Ú��Ý
 A∨.

). |^Ð�1C��

(A|E)→


1 −1 −1 1 0 0

0 1 −2 1 1 0

0 −2 1 1 0 1

→


1 −1 −1 1 0 0

0 1 −2 1 1 0

0 0 −3 3 2 1

 .
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�d, ·��^
1�aÐ�1C�, � det(A) = −3.

UY�Ð�1C��

(A|E)→


1 0 −3 2 1 0

0 1 −2 1 1 0

0 0 −3 3 2 1

→


1 0 0 −1 −1 −1

0 1 −2 1 1 0

0 0 −3 3 2 1



→


1 0 0 −1 −1 −1

0 1 0 −1 −1/3 −2/3

0 0 −3 3 2 1

→


1 0 0 −1 −1 −1

0 1 0 −1 −1/3 −2/3

0 0 1 −1 −2/3 −1/3

 .

�

A−1 =


−1 −1 −1

−1 −1/3 −2/3

−1 −2/3 −1/3

 .

Ï� A∨ = |A|A−1, ¤±

A∨ = −3


−1 −1 −1

−1 −1/3 −2/3

−1 −2/3 −1/3

 =


3 3 3

3 1 2

3 2 1

 .

3. (10©) � f = x3 + 2x2Ú g = 2x2 + 3´ Q[x]¥�õ�ª. O� quo(f, g, x),

rem(f, g, x)Ú h(A), Ù¥ h = fg, A =

(
0 −1

1 0

)
.

). ��O�� quo(f, g, x) = 1
2
x+ 1, rem(f, g, x) = −3

2
x− 3.

|^D�Ó��:

h(A) = f(A)g(A) = (A3 + 2A2)(2A2 + 3E) = A2(A+ 2E)(2A2 + 3E).

Ï� A2 = −E, ¤±

h(A) = −(A+ 2E) =

(
−2 1

−1 −2

)
.

4. (10©) � F =
{
x+ y

√
3 |x, y ∈ Q

}
. �y F ´¢ê� R�f�.

y. k�y (F,+, 0) ´\{+. � ui = xi + yi
√

3, xi, yi ∈ Q, i = 1, 2. K

u1 − u2 = (x1 − x2) + (y1 − y2)
√

3 ∈ F . � (F,+, 0)´ (R,+, 0)�f+.
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�y¦{µ4, u1u2 = (x1x2 + 3y1y2) + (x1y2 + x2y1)
√

3 ∈ F . w, 1 ∈ F . �
F ´ R�f�.

���y F ´�. Ï�
√

3´Ãnê, ¤±é?¿ x, y ∈ Q, u = x± y
√

3 6= 0

��=� x½ yØ�u 0. d�

u−1 =
1

x+ y
√

3
=
x− y

√
3

x2 − 3y2
∈ F. 2

5. (10©) � n ∈ Z+, a0, a1, . . . , an, x ∈ R� an 6= 0. - (n+ 1)× (n+ 1)��


An =



an −1 0 0 · · · 0 0

an−1 x −1 0 · · · 0 0

an−2 0 x −1 · · · 0 0

an−3 0 0 x · · · 0 0
...

...
...

...
. . .

...
...

a1 0 0 0 · · · x −1

a0 0 0 0 · · · 0 x


.

O� det(An), ¿y²� xv
��, An�_.

): � n = 1�, det(A1) = det

(
a1 −1

a0 x

)
= a1x+ a0.

� n = 2�,

det(A2) = det


a2 −1 0

a1 x −1

a0 0 x

 = a0 + x(a2x+ a1) = a2x
2 + a1x+ a0.

äó

det(An) = anx
n + an−1x

n−1 + · · ·+ a0.

� n = 1Ú n = 2�äó¤á. � n > 2�

det(An−1) = an−1x
n−1 + · · ·+ a1x+ a0.

é det(An)U1�1Ðm�

det(An) = anx
n + det(An−1) = anx

n + an−1x
n−1 + · · ·+ a1x+ a0.

Ï� an 6= 0, ¤±� xv
��, det(An) 6= 0. � An�_. 2
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6. (10©)

(i) �Ñ\{+ (Z12,+, 0̄)¥¤kpØ�Ó�f+, ¿`²Ø­Ø¦.

(ii) � U ´� (Z12,+, 0̄, ·, 1̄)¥¤k�_��8Ü. ¯¦{+ (U, ·, 1̄)´Ø´

Ì�+? �`²nd.

). (i) \{+ (Z12,+, 0̄)¥¤kpØ�Ó�f+´, ��+ 〈0̄〉, ��+ 〈6̄〉
n�+ 〈4̄〉, o�+ 〈3̄〉, 8�+ 〈2̄〉, Ú Z12.

Ï� Z12´Ì�+, 
Ì�+�f+�´Ì�+, 
é 12�z�Ïf s, �k

�� s�Ì�+. �þãf+Ò´ Z12�¤kf+.

(ii) + U = {1̄, 5̄, 7̄, 11}. XJ U ´Ì�+, K U ¥k�������u 4. �

U ¥����ÑØ�u 2. � U Ø´Ì�+.

7. (10©) � A = (ai,j) ∈ Mn(Q), Ù¥ ai,j ∈ Z, i, j ∈ {1, 2, . . . , n}. 2� p´�

ê, πp : Z −→ Zp´ûN�, Ú Ap = (πp(ai,j)) ∈ Mn(Zp). y²:

(i) πp(det(A)) = det(Ap),

(ii) rank(A) ≥ rank(Ap)���3k�õ��ê p,¦� rank(A) > rank(Ap).

y². (i) Ï� πp´�Ó�, ¤±

πp(det(A)) = πp

(∑
σ∈Sn

εσa1,σ(1) · · · an,σ(n)

)
=
∑
σ∈Sn

εσπp(a1,σ(1)) · · · πp(an,σ(n))

= det(Ap).

(ii) � r = rank(A). XJ r = n, KØ�ªw,¤á. � r < n. K A¥¤k

�u r�fªÑ�u". d (i)Ú πp ´�Ó���, Ap ¥�¤k�u r��

fªÑ�u". � rank(Ap) ≤ r.

5¿� A�¤k r ��"fªÑ´�ê. ��kk�õ��ê p¦�ù


fª3 Zp ¥��{a� 0. ù
�êÒ´ù
�"fª���úÏf��

Ïf. Ø�ù
�ê	, Ap ¥��k�� r �fª�". éuù���ê,

rank(Ap) = r. 2

8. (10©) � F ´�, Ý
 A ∈ Fm×n, � Em�Lm�ü �
. y²:
14� �8�
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(i) rank(A) = m ��=��3Ý
 B ∈ F n×m¦� AB = Em;

(ii) rank(A) = mÚm < n��=��3Ý
 B,C ∈ F n×m¦�

AB = Em, AC = Em, Ú B 6= C.

y². (i) � AB=Em. K rank(A)≥m. Ï� A�km1, ¤± rank(A)=m.

��,� rank(A) = m. �Ä�§|Ax = ei,Ù¥, x = (x1, . . . , xn)t, ei´Em

�1 i���þ, i = 1, 2, . . . ,m. Ï� rank(A) = m, ¤±O2Ý
 (A|ei)�
��u m. u´, þã�§|k) bi = (b1,i, . . . , bn,i)

t. - B = (b1, . . . ,bm).

K AB = (Ab1, . . . , Abm) = Em.

(ii) ��3Ý
 B,C ∈ F n×m¦�

AB = Em, AC = Em, Ú B 6= C.

K A(B − C) = Om� B − C 6= On×m. u´, àg�5�§| Ax = 0mk�

²�). � rank(A) < n. d (i)��, rank(A) = m. dd�Ñm < n.

��, � rank(A) = mÚm < n. K�§| Ax = 0mk�²�) v ∈ F n. d

(i)���3 B ∈ F n×m¦� AB = Em. -

C =
(
~B(1) + v, ~B(2), . . . , ~B(m)

)
.

K C 6= B � AC = AB = Em. 2

,). ��¦)Ý
�§ AX = Em, Ù¥��Ý
 X ∈ F n×m. �â�ÉÚ

n, �3 P ∈ GLm(F )Ú Q ∈ GLn(F )¦�

A = P

(
Er O

O O

)
Q,

Ù¥ r = rank(A). ��Ý
�§�du

P

(
Er O

O O

)
QX = Em, �du

(
Er O

O O

)
QX = P−1.

- Y = QX. K Y ∈ F n×m. Ï� Q�_, ¤±��§k)��=�(
Er O

O O

)
Y = P−1. (1)

k).
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(i) XJ B �3, K (1)k). � r = m. XJ r = m, K (1)��¤

(Em, O)

(
Y1

Y2

)
= P−1, Y1 ∈ Mm(F ), Y2 ∈ F (n−m)×m. (2)

�

Y =

(
P−1

M

)
,

Ù¥M ∈ F (n−m)×m´?¿Ý
. � B �3.

(ii) XJ�3ØÓ�Ý
 B Ú C ¦� AB = AC = Em. Kþã) Y ¥�

?¿Ý
 M 7,�3. � m < n. 
 rank(A) = md (i)���Ñ. XJ

rank(A) = m� m < n, K?¿Ý
M 7,�3. u´, (2)k��ü�).

��3Ø���Ý
 B, C, ¦� AB = AC = Em.

9. (10©) � F ´�, A,B,C,D ∈ Mn(F )� AC = CA. y²:

det

(
A B

C D

)
= det(AD − CB).

y². k� A�_. K(
E O

−A−1C E

)(
A B

C D

)
=

(
A B

−A−1CA+ C −A−1CB +D

)
CA=AC

=

(
A B

O −A−1CB +D

)
.

�

det

(
A B

C D

)
= det

((
E O

−A−1C E

)(
A B

C D

))
= det

(
A B

O −A−1CB +D

)
= det(A) det(D − A−1CB) = det(AD − CB).

(Ø¤á.

� AØ�_. - t´ F þ��½�. K tE +A ∈ Mn(F (t))� det(tE +A)´

'u t� ngõ�ª. � tE+A�_. d (tE +A)C = C(tE +A)Ú (i)��,

det

(
tE + A B

C D

)
= det((tE + A)D − CB).

5¿�þª´ü�'u t�õ�ª��. rþª¥ tO�� 0�

det

(
A B

C D

)
= det(AD − CB). 2
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10. (10©) � (GL2(R), ·, E)´d¢ê�þ 2× 2��_Ý
'uÝ
¦{�¤�

+. - SL2(R) = {A ∈ GL2(R) | det(A) = 1}.

(i) �y: (SL2(R), ·, E)´ GL2(R)�f+.

(ii) y²: SL2(R) = 〈S〉, Ù¥ S´¤k 2× 2�1�aÐ�Ý
�¤�8Ü.

y². (i) � A,B ∈ SL2(R). Ï� det(B) = 1, ¤± det(B−1) = 1. u´,

det(AB−1) = det(A) det(B−1) = 1 =⇒ AB−1 ∈ SL2(R).

df+�O{��, SL2(R)´ GL2(R)�f+.

(ii) 5¿�¤k 2 × 2 ��1�aÐ�C��1�ªÑ�u 1. §�Ñ´

SL2(R)¥���. � 〈S〉 ⊂ SL2(R).

� A =

(
a b

c d

)
∈ SL2(R). k� a 6= 0. -

P1 =

(
1 0

−a−1c 1

)
Ú Q1 =

(
1 −a−1b
0 1

)
.

K P1Ú Q1Ñ´1�aÐ�Ý
. O�

P1AQ1 =

(
a 0

0 h

)
=: B.

Ï� B ∈ SL2(R), ¤± ah = 1.

�1�aÐ�Ý


P2 =

(
1 1

0 1

)
Ú Q2 =

(
1 0

a(1− a) 1

)
.

K

P2BQ2 = (P2B)Q2 =

(
a h

0 h

)
Q2 =

(
1 h

1− a h

)
=: C

� P3 =

(
1 0

a− 1 1

)
. K|^ ah = 1�

P3C =

(
1 h

0 1

)
:= D.
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2� Q3 =

(
1 −h
0 1

)
. K DQ3 = E. nþ,

P3P2P1AQ1Q2Q3 = E =⇒ A = P−11 P−12 P−13 Q−13 Q−12 Q−11 .

K A ∈ 〈S〉.

2�Ä a = 0��/. Ï� A�_, ¤± c 6= 0. � R =

(
1 1

0 1

)
. Kþã(Ø

%¹

RA =

(
c b+ d

c d

)
∈ G.

d a 6= 0�/�?Ø�� A ∈ 〈S〉. ·��� SL2(R) = 〈S〉. 2
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