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1. (15©) ���

σ =

(
1 2 3 4 5 6 7 8 9 10

10 1 7 5 4 6 9 3 8 2

)
.

(i) (5©)r σ�¤pØ���Ì��È.

(ii) (5©)O� σ��.

(iii) (5©)(½ σ�Ûó5.

). (i) σ = (1102)(3798)(45).

(ii) ord(σ) = lcm(3, 4, 2) = 12.

(iii) εσ = (−1)2+3+1 = 1. � σ´ó��.

2. (15©) � e1, e2, e3, e4, e5´ R5�IOÄ, ε1, ε2, ε3´ R3�IOÄ, φ : R5 → R3

´�5N��÷v 

φ(e1) = ε1 + 4ε2 + 6ε3

φ(e2) = 3ε1 + 6ε3

φ(e3) = ε1 + 3ε2 + 5ε3

φ(e4) = ε1 + ε2 + 3ε3

φ(e5) = ε1 − ε2 + ε3.

(i) ¦ φ3Ä. e1, e2, e3, e4, e5; ε1, ε2, ε3e�Ý
;

(ii) ¦ ker(φ)Ú im(φ)��ê;

(iii) O� ker(φ)��|ÄÚ im(φ)��|Ä.

). Ý
L«´
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(i)

A =


1 3 1 1 1

4 0 3 1 −1
6 6 5 3 1

 .

(ii) dÐ�1C���

A→


1 3 1 1 1

0 −12 −1 −3 −5
0 −12 −1 −3 −5

→

1 3 1 1 1

0 −12 −1 −3 −5
0 0 0 0 0

 =: B.

u´, rank(A) = 2. � dim(im(φ)) = 2. �âéó½n, dim(ker(φ))=5−2=3.

(iii) Ï� rank(A) = 2� ~A(1)Ú ~A(2)�5Ã', ¤± ~A(1), ~A(2)´ im(φ)��|Ä.

dÝ
 B �� ker(φ)��|Ä´

−3
4

− 1
12

1

0

0


,



−1
4

−1
4

0

1

0


,



1
4

− 5
12

0

0

1



3. (15©) � Q´knê8, n´��ê.

(i) (5©)�£� Qn´Ø´ Rn�f�m? ¿`²nd.

(ii) (10©)� x,y ∈ Rn. XJ x − y ∈ Qn, K¡ x� y k��'X ∼Q, P�

x ∼Q y. �£� ∼Q´Ø´�d'X? ¿`²nd.

).

(i) Ø´. Ï�
√
2e1 /∈ Qn, � e1 ∈ Qn, ¤± Qnéê¦Øµ4.

(ii) ´. � x,y, z´ Rn ¥?¿�þ. ·�k x − x = 0 ∈ Qn. � x ∼Q x. g

�5¤á. � x ∼Q y. K x − y ∈ Qn. Ï�knê���ê�´kn

ê, ¤± y − x ∈ Qn. � y ∼Q x. é¡5¤á. � x ∼Q y, y ∼Q z. K

x− y,y − z ∈ Qn. Ï�ü�knê�Ú´knê, ¤±

x− z = (x− y) + (y − z) ∈ Qn.

u´, x ∼Q z. D45¤á. � ∼Q´�d'X.
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4. (15©) �

A =


4 5 6 7

2 4 6 8

1 2 3 4

 Ú B =


0 1 0

0 0 1

0 0 0

0 0 0

 .

O�:

(i) (8©) ABÚ BA;

(ii) (7©) rank(AB)Ú rank(BA).

). (i) ��O��

AB =


0 4 5

0 2 4

0 1 2

 Ú BA =


2 4 6 8

1 2 3 4

0 0 0 0

0 0 0 0

 .

(ii) dÐ��C���

AB −→


0 4 −3
0 2 0

0 1 0

 .

� rank(AB) = 2. dÐ�1C���

BA −→


0 0 0 0

2 4 6 8

0 0 0 0

0 0 0 0

 .

� rank(BA) = 1.

5. (10©) �m,n ∈ Z+� g = gcd(m,n). y²:

(i) (5©)éé?¿�u g���ê k, Ø�3 x, y ∈ Z¦� xm+ yn = k;

(ii) (5©)XJ a ∈ Z \ {0}÷v a|(mn)� gcd(a,m) = 1, K a|n.

y². (i) b��3 u, v ∈ Z ¦� um + nv = k. Ï� g|m � g|n, ¤± g|k. �
0 < g ≤ k. gñ.
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(ii) Ï� gcd(a,m) = 1, ¤± am = lcm(a,m). Ï� a|(mn)Ú m|(mn), ¤± mn

´ aÚm�ú�ª. ·�k (am)|(mn). � a|n.

6. (10©) � φ : Rn −→ Rm´�5N�. y²:

(i) (5©)� φ´ü�� U ´ Rn�f�m. y²: dim(U) = dim(φ(U));

(ii) (5©)� φ´÷��W ´ Rm�f�m. y²: dim(φ−1(W )) ≥ dim(W ).

y². (i) � u1, . . . ,uk ´ U ��|Ä. Ké?¿ u ∈ U , �3 α1, . . . , αk ∈ R¦�

u = α1u1 + · · ·+ αkuk.

K φ(u) = α1φ(u1) + · · ·+ αkφ(uk). u´, φ(U) = 〈φ(u1), . . . , φ(uk)〉.
� β1, . . . , βk ∈ R¦� β1φ(u1) + · · ·+ βkφ(uk) = 0m. K

φ(β1u1 + · · ·+ βkuk) = 0m.

Ï� φ´ü�, ¤± β1u1 + · · ·+ βkuk = 0n. Ï� u1, . . . ,uk �5Ã', ¤±

β1 = · · · = βk = 0.

� φ(u1), . . . , φ(uk)�5Ã'. ·��� dim(φ(U)) = k = dim(U).

(ii) � W ��|Ä´ w1, . . . ,wd. Ï� φ´÷�, ¤±�3 v1, . . . ,vd ∈ Rn

¦� φ(vi) = wi, i = 1, . . . , d. Ï� w1, . . . ,wd �5Ã', ¤± v1, . . . ,vd �5Ã

'(�5N��±�5�'5). qÏ� v1, . . . ,vd ∈ φ−1(W ), ¤±

dim(φ−1(W )) ≥ d = dim(W ).

7. (10©) �Ý
 A ∈ Rk×n, B ∈ Rm×n. ±§��XêÝ
�àg�5�§|�)

�m©OP� VAÚ VB. -Ý


C =

(
A

B

)
∈ R(k+m)×n.

y²:

(i) (5©)± C �XêÝ
�àg�5�§|�)�m VC �u VA ∩ VB;

(ii) (5©) dim(VA + VB) = n+ rank(C)− rank(A)− rank(B).
14� �6�
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y². (i) � v ∈ VA ∩ VB. K Av = 0k � Bv = 0m. � Cv = 0k+m. u´, v ∈ VC.
�w ∈ VC. K Cw = 0k+m. � Aw = 0kÚ Bw = 0m. dd��, w ∈ VA ∩ VB. l
, VA ∩ VB = VC.

(ii) ·�O�

dim(VA + VB) = dim(VA) + dim(VB)− dim(VA ∩ VB) [∵�êúª]

= dim(VA) + dim(VB)− dim(VC) [∵ (i)]

= (n− rank(A)) + (n− rank(B))− (n− rank(C)) [∵éó½n]

= n+ rank(C)− rank(A)− rank(B).

8. (10©) �Ý
 A = (ai,j) ∈ Rm×n� r = rank(A) > 0. -

B =


a1,1 a1,2 · · · a1,r

a2,1 a2,2 · · · a2,r
...

...
. . .

...

ar,1 ar,2 · · · ar,r

 ∈ Rr×r.

y²: rank(B) = r⇐⇒ A�c r1�5Ã'� A�c r��5Ã'.

y². “=⇒”Ï� rank(B) = r, ¤± B � r �1�þ ~B1, . . . , ~Br �5Ã'. Ï�

~A1, . . . , ~Ar©O´ ~B1, . . . , ~Brl R1×r� R1×n�ò�, ¤± ~A1, . . . , ~Ar�5Ã'(�

�SK®²y²). Ón, A�c r���þ ~A(1), . . . , ~A(r)��5Ã'.

“⇐=” Ï� rank(A) = r � ~A1, . . . , ~Ar �5Ã', ¤± ~A1, . . . , ~Ar ´1�m

Vr(A)��|Ä. �é?¿ i ∈ {r + 1, . . . ,m}, �3 αi,1, . . . , αi,r ∈ R¦�

~Ai = αi,1 ~A1 + · · ·+ αi,r ~Ar.

� C ´ A¥c r�|¤�Ý
. éþª�c r��I�

~Ci = αi,1 ~C1 + · · ·+ αi,r ~Cr.

ddÚ ~C1 = ~B1, . . . , ~Cr = ~Br �Ñ:

Vr(C) = 〈 ~B1, . . . , ~Br〉. (1)

Ï� C �¤k�Ò´ A �c r ��§��5Ã', ¤± rank(C) = r. �

dim(Vr(C)) = r. �â (1), ~B1, . . . , ~Br�5Ã'. � dimVr(B) = r, = rank(B) = r.
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“⇐=”�,y. Ï� rank(A) = r� ~A1, . . . , ~Ar �5Ã', ¤± ~A1, . . . , ~Ar ´1�

m Vr(A)��|Ä. �é?¿ i ∈ {r + 1, . . . ,m}, �3 αi,1, . . . , αi,r ∈ R¦�

~Ai = αi,1 ~A1 + · · ·+ αi,r ~Ar.

�ÏLÐ�1C�, A�C�

D =


~A1

...

~Ar

O(m−r)×n

 .

Ï�1C�ØUC���5Ã'5, ¤± ��þ ~A(1), . . . , ~A(r) %¹�5Ã'

~D(1), . . . , ~D(r)�5Ã'. �

~D(j) =

(
~B(j)

0m−r

)
, , j = 1, . . . , r.

� ~D(1), . . . , ~D(r)�5Ã'%¹ ~B(1), . . . , ~B(r)�5Ã'. dd�Ñ rank(B) = r.
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