E_EF B/
S S 6 A9 25 A A 4 R 25 5 B IR W P 2525 He

HEWR 3.8 L B AKAEM A BLA MR F L HRITEN G,
W rank(A) = rank(B).

TR, % B e S E A @i —IRVISEAT (B AR S 3|
). AR _E— k51 3 3.3 (513 3.5) Bl &, AR B 4T (B
MR [E. ARG EH 3.6, EATMRARE. O

5 3.9 &
10 4 5
A=121 -1 3
41 7 13
it H rank(A)

10 4 5 10 4 5
A— 101 -9 7| — |01 -9 -7
(0 1 -9 —7 00 0 O
T A&, rank(A4) = 2.
Fifl. FIR AT
10 0 0 1000
A— 121 -9 -7—[2100

41 =9 =7 4100

1



T &, rank(A) = 2.

5] 3.10 & A € R™", JEB: rank(A) < min(m,n).

EB. B A V. (A) ARV 895 =08, Ak dim(V.(A) <n
(E—#te R 2.14). & rank(4) < n. BH V,(A) £ R"
49F = 1], BT UA dim(Vo(A) < m (E—Bta A 2.14). &
rank(A) < m. O

EX 3.11 3 A € R™". do R rank(A) = m, WA A 17
WRkEg. 4o rank(A) = n, WA A ZYHEKEG. B m=n
H rank(A) =n B, 2 A Rjptkey.

15'] 3.12 X A € RmX”,B c Rmxkz. /?\

—

(A B) = (AU, AW B0 F0y ¢ grxosh)

TEBA - rank((A, B)) < rank(A) + rank(B).
EH. 3% C = (A, B). Rdix AW, AW gy —/A 4k &

MR EmEE AV A BO BR) gy — Ak &
F¥4% BO . BO. M4 C I E S A

. FTE V(C) CV (BZFE—gta A 1.25). #&
rank(C) < dim(V) < s+t. O



WAE. E&E V.(C) = Vi(A) + V(B). T 7% 08 a4 40N
X T 4

dim(V(C)) = dim(V,(A) + Vi(B)
— dim(Vi(A)) + dim(V,(B)) — dim(V.(4) N Vi(B))
< dim(V;(A)) + dim(V(B)).

# rank(C) < rank(A) + rank(B). O

ENX 3.13 ik AeR™", 46 A6 HE 24 R by
M. CE AT, BRI AEET ALE (4T, %
Ikt tE, B i=1,...,m, j=1,...,n. FEHFE At
Hieh A

5] 3.14 &

1234 t
5678

AT B E (A = A

(15)

37
\4 3

5l 3.15 % A € R™". N rank(A) = rank(A?).
FH. R4k Ay, .. A & AWITRE P e — ALK &M
Tk R, W rank(A) = r. THERIE AL A R A
@ Z e — PR REELKLE. K rank(A?) =

3



4 HEZMFELR

4.1 EMZy

EIE 4.1 X L AUERE B = (Alb) € R™*0+1) 3 545
%09 n L& AZ 0.

(i) L #8534 HAL Y rank(A) = rank(B).
(ii) L # % % HAX Y rank(A) = rank(B) = n.

. (1) RS V.(A) C Vo(B). #f rank(A) < rank(B).

B LA Wb e Vi(A) (W2 =25 — Pl 1.4).
T, Vi(B) C V(A) (38 =5 ZdFardl 1.26 (i1)).. &
Vi(A) = Vi(B). M dim(V.(A)) = dim(V.(B)). T,
rank(A) = rank(B) (38 —E 3 i€ 3.6).

2., W rank(A) = rank(B). N dim(V,.(A)) = dim(V,.(B))
(E—iFihe B 3.6). KN V(A) C Vi(B), FibL V. (A) =
Vi(B) (LA 2.14). RAVEE b € V(A), B L A%
(DL2E —m s —i gl 1.4).

(i) & L #fiE. W L A%, 8 rank(A) = rank(B). N
E B rank(A) = n, B AW AW 2k TGk

Woag,...qp, € RIFH AV + ... 4, A" = 0,,
H (Br,...,0) & LW W (ap + B, ..., + B,) A&



L WIfE. BN L#fiE, Fiblag = -+ = a,, = 0. HHILATAN
AW AW 2k TR

k2., B rank(A) = rank(B) = n. H (i) °J& L AHE.
Wb e V(A). FAdm(V.(A) = n, il A, A0
& V(A M—A B TR AT A\, )\, € R
b= MAW 4 N AW (AN R LR O

WS 4.2 R H AV A e R A RARFEEN n TH
KEWTAZA. N H ARH-FAUM S HAG rank(A) =

L. JER T H LA B = (A]0,,) N HEFER n ookt
TR, EIR rank(A) = rank(B). RIEEH 4.1 (1)). H R
A Mg HALE rank(A) = n. O

FEN I, B n ADNTTRRARRE) n oot J7 R4 LY
BZ. NIk, JAE R SR HER.

L 4.3 X L AVU4EE B = (Alb) € R (D) Sy 3 7= 45
6y n TEMEFALE. N L AR Y BIXE rank(A) =

JER. W L. WRPEERE 4.1 (i), rank(A) = n. R, &
rank(A) = n. N

n = rank(A) < rank(B) < min(n + 1,n) = n.

W rank(B) = n. RIEH 4.1 (i), L #hiE. O



HEIP 4.4 XL RASES B = (Alb) € R0+ i 545
et n TEMTALA, H VA A K BI04 TR B0
AR, W LA S HARE H A,

IEBA . HHER 4.3 AR, L B 2 HA S rank(A) = n. B
HER 4.2 AT, rank(A) = n [ HAY H ZFFNE. O

B 4.5 AHAT4FAI2F5 5% L TP P AL

4.2 TEEIR5

EIE 4.6 (1B, HAZMAM) X H A A € RV A
BAIE 0 TR KE AT, W

dim(sol(H)) + rank(A) = n.

JEBA. Wor = rank(A). A AV A0 BV (A)
HIEL MXHERE 5 € {r+1,...,n}, 1AL Qjlyeeey, iy 15

— .

AD) = 0 AV 4o fay A,

/&'\Vj = (ozj,l,...,ozjf,(),...,(),—l,(),...,O)t, :,H\:EI:' —1 ij)ﬂb
EHAME W v, v, 2 HEIE B -1V,
PRI E FTIE v, ..., v, RTEER. WHEE 2 =
(21, ...,2,)" € s0l(H),

Z+ Zpy1Vpyl T T 2V = (617"'757”707'”70)t GSOI(H)7

n—r (1)



S—9H 118 Fldml 1.17). Bk AT %0,

BAD £ ...y BAN =0,
W B =--=8=0. H (1) ATH,
Z = (—211)Vrs1 + -+ (—20) V.
BET, Vg, ..., vy 22 sol(H) B3, it dim(sol(H))=n—r. O

5l 4.7 FHE TR FR&MESTAZE O

)
T1— X9 —23—x4 = 0
S z1+29—2x3+24 = 0
\$1+$2+$3—$4 =0

fig 2 A &g —2a A
filt. %I A0 R SR

1 -1 —1 —1
A=11 1 -1 1
1 1 1 -1
BiXmFATE BT
1 —1 -1 —1 1 —1 —1 —1
A—10 2 0 2| —10 2 0 2
02 2 0 00 2 =2



T &, rank(A) = 3. BRIELHE /.0, dim(sol(H))=4—3=1. &
B T 4, R A TAZBLEN T

( (
T1— X9 — 23— x4 =20 T — X9y — T3 = 24

{ 2294+ 224 =0 FMNT S To = —Ty

\2263—25174:0 T3 = T4

\
Zir\ Ty = 1. ﬂ’] X3 = 1, X9 = —1, Tl = 1. 127?7F§éﬂ7é]—3”5/i’\ﬁ§—
v =(1,-1,1,1)". # sol(H) 89&=Z v. BRELSWH X,
HAA sol(H) = {\v ]|\ e R}

W M e R RV, M M (W77 R 4E50E SN M1
5, il dim(M).

HEE 4.8 L L A B = (Alb) € R0+ 38 1 45 % 49
n UL TR, e X L AR, N

dim(sol(L)) + rank(A) = n.

E. W H &ML A € R RRBUEFER n Jo5 IRE
JiFRA. W v € sol(L). RIEEHE T H—PHI 1.22, sol(L) =
v +sol(H). T/, dim(sol(L)) = dim(sol(H)). FHR¥E & H
4.6,

n = dim(sol(H)) + rank(A) = dim(sol(L)) + rank(A). O



51 4.9 A2 F P &M ZA24 L

.
Tl — X9 — T3 — T4+ X5 =

1
{ T1+x9o—x3+T4+25 = 3
5

\ 3r1 — Ty — 3x3 — Ty + x5 =

& AT .
R ZHALLAGYIE 4R
1 -1 -1 -1 11
=Ab)=|1 1 -1 1 13
3 -1 -3 —-135

~ =3
S

WL F 4T R BRIF

I =1 -1 -1 11 I -1 -1 =111
B— |02 0 2 02|—1]0 2 0 2 02
0 2 0 2 02 00 0 0 00

T A&, rank(B) = rank(A) = 2. RIERE /.1, [ 1A% RIE
€32 4.6, dim(sol(L)) =5 —2=3. WEmfiiET4, &2
AR FN T

Ty — Ty — T3 — x4+ x5=1 Ty —To=14+x3+ 14 —T5

FMT
209 + 214 = 2 To=1—x4.
ry=xs=x5=0. &MNFE v=(21000)"2L=—

A (4§ )FE.



FoARAHIEEG ZIE L ET o, A AR R K
Moy R &M AR H 0T

T1— X9 — T3 — X4 +x5=20 . T — X9 = T3+ Ty — Ty
F0T
209 + 224 =0 Ty = —X4.

57\7?10/7\ xr3 = 1,5174 = I5 = O,‘ r3 = 0,334 = 1,335 = O;
ry=x4=0,25=1. £AVFE] H 9=NEX MK

w1 = (1,0,1,0,0)", wy = (0,—1,0,1,0)", w3 = (—1,0,0,0,1)".

B sol(L) = v + (W, W, W3).

5 AAKRZS (8] 8] Y 2 AR Bt
5.1 TN (5EELEH) ME

EX 5.1 & ¢:R" — R™ 24t e XiFEE x, yeR”,
a € R,

Px+y)=0o(x)+dy) H ¢lax)=ap(x)

J
o

B Ay o ik P
W AR ¢ & 261 BT .
5] 5.2 %
6: R — R" _ ¢: R — R
\w 4
x = 0, X = X

10



A LB, AR ¢ AR B] R™ 69FBLG o 2 R" L&Y
TEL (7] B 5

WL 5.3 % ¢: R" — R™. W TF 3250
(i) ¢ &M,
(i) HEZFE x,y e R", o, € R,

Plax + By) = ag(x) + Bo(y)

IR T 5

(i11) SEE x,...,x €R", ay,...,a; € R,

?(041X1 + X)) = ap(xy) + -0 + Oék;¢(XkZ-
FSTPTPUN

ER. (1) = (i) & ¢ ALYEM. T
plax + By) = ¢(ax) + ¢(By) = ad(x) + Bo(y).

o REFERMEIZE. k2, Bl a = 8 = 1153 ¢ REFINZE,
B = 0133 ¢ IRFFHCER.
(ii) = (il) X & HN. 25k = 1 |,

gb(alxl) = gb(alxl + 0X1) = &1¢(X1) + 0¢(X1) = Ozld)(Xl).

11



k=20, 458 (). ¥ k> 2 HEEwxt k— 1 gor. My

dlagxy + -« -+ + Qp_1Xp_1 + pXy)
=¢(a1x1 + -+ + ap1Xp-1) + P(Xz) k=2
= p(X1) + - -+ p10(xp—1) + ad(xy)  [HIRE].
(il) = (1) & k=2Ma; = ap = 1 AT %0, ¢ TREFINTE.
A k=105, ¢ REFEER. O

5l 5.4 % ¢ : R" — R™ &M, N ¢(0,) = 0,,.
UER.

¢<On) - ¢(On -+ On) — ¢(On) + ¢(On> — ¢(0n) =0, U

5l 5.5 & )\ € R,
?7@/\2 R" — R"
X = AX.
AR, M AHETBES. B A\=00, ), BEBRHS. F
A=1 B, ¢, 22 R B4t
5] 5.6 ix v € R"\ {0}.
7, : R — R”
X = V4+X.
RALEGY, XA RA Ty(0)=v £0.
12



&5 5.7 % ¢ R" —s R™ & &Lk 4

(i) 2% vi,...,vi € RT EHAE, W d(vy),...,o(vy)
AP AR K

(i) 2R U ZR" 89T 20, M ¢(U) £ R™ 49T 2], 4§
A A, im(¢p) & R™ 69F = 4],

(i11) 3 X W A R™ 8T =208, W o1 (W) £ R" 6-F = ],
AR, o 1({0,,}) & R" 895 = 1],

'ii Bﬂ. (1) iﬁ a1, ...,0L - R, Ké‘jﬂ%‘?, ’fﬁ?ﬁaﬁ Zle Oé,l'VZ-:On_
RYE E—Faral 5.3,

0, = ¢(0,) = ¢ (Z OﬂM‘) — Z i p(vi).

(i) & x,y € ¢(U). MAFLE u, v € U §if5 ¢(u) = x M
o(v)=y. MMEE o, € R,
ax + By = ag(u) + Sé(v)
= ¢lau+ fv)
€ o(U) (frall 1.17 (i1)).
RIS T — il 1.16, o(U) & 4[]
(iii) XMERE x,y € oY (W), , B € R, AT H
¢lax + By) = ad(x) + Bé(y).
13



KN (%), p(y)eW B W T2, Frbh ad(x)+Bo(y)eW.
LA ¢(ax + By) € W. NI, ax + By € o~ 1(W). O

5 5.8 X vy,...,vi € R", wy,...,w, € R*TC B

[ v )

an+Lj

\Q%+&j)
-;H\—‘tP Oén+1’j,...706n+€’j - R; ] = 1,...,]{7. 'iﬂ:_ﬂf,] 'ﬁn%
Vi, ...,V &ELK, WM wy, ..., w, AELX.

UEEH. 1k

6: R — R

[0 )

Ln

Tn+1

\ng)
N ¢ A&EBRY. BAH Gw;) =v;, j =1,...k &
Vi, VE RBERLX, BTAGRL 5.7 (i) 2248 wy, ..., Wy &
HAX. O

EMX 5.9 K¢:R" — R" REMEBE. SLARZE R F

14



8T =28 ¢ 1({0,,}) #rA ¢ 891Z (kernel), iTA ker(¢p). 2
R A R™ F 495 2 1] im(¢p) #R A ¢ 8944 (image).

5 5.10 & ¢ A= op @) 5.24 %, MRS o, £AMNH -
ker(¢) =R" A= im(¢) = {0y}

Stle B wRA o, KAE
ker(¢) ={0} A= im(y) =R".

by R — R 0] 5.5 4%, ML o, &
MA: B XN#0H,

kel”(??b/\) = {0} Fur im(@DA) = R".

BN =08, ) AEBRS.
& o R™F — R 4] 5.8 F a9 45, N

ker(¢) = (eni1,- .-, €01y H2 im(¢) =R"

R 5.11 % ¢ R — R™ R &MBH. W ¢ 2EHY
HAXLE ker(¢) = {0,}.

IER. B o ST MRS E—F A 5.3, ¢(0,) = 0,,. A
¢ e 5T, Frbh ker(¢) = {0,}. 2, & ker(¢) = {0,}. &
x,y € R" {15 ¢(x) = o(y). W
P(x —y) = d(x) — &(y) = Opp.
15



T, x —y € ker(¢). KN ker(¢) ={0,}, il x —y = 0.
M x =1y, Bl ¢ REET. O

5 5,12 % ¢ - R" — R™ B&XMEEH. L. 4w f
Vi,..., VL € R" é&'}ii?&, D]'J ¢(V1), . 7¢(Vk‘) é&'}iiﬁé

WERR. X oy, ..., o € RAESF

ozlqb(vl) + - F Ckab(Vk) = Om.
]
dlagvi + -+ apvy) = 0y,

HAA ¢ RS, FTkavi+ - Fove =0, BAvV, ..., v
BHALX, Fihar=-=a,=0. & o(v1),...,0(vi) &
MK, O

5|3 5.13 X ¢ : R" — R™ 2 &RMBEBA, vi,...,v, € R"
SZHEALX. W o(vy),...,0(vy) BBELX S HAXY

ker(¢) N (vy,...,vi) = {0,}.

JER. (FJEUE) W ker(@)N(vy, ..., vi)={0,}. % a1, ..., 0,€ER
13
a1p(vi) + - - + apd(vy) = 0.

M ¢(arvy + -+ + apvy) = 0y, #8

vy + -+ vy € ker(¢) N (vy, ..., vi) = {0,}.

16



T2 v+ +ovy, =0 = a; = =aqa; =0. 8]
O(v1), -, d(vy) RIETCK.
RZ, B d(vr), ..., p(vi) RIETETE. 4

v € ker(¢) N (vi, ..., V).

i peads O1,...,0r € R ffi1{ v = b1vi + -+ + Brv. e
0 =¢(v) = F1g(v1) + -+ + Bro(vy). HILATAL,

Bi= o= =0,
MIMAEH v =0, Bl ker(¢) N (vy,...,v;) = {0,}. O

17



