;&

E2=F 179X

1 %

= 2 MRS FRER B
EARATH, e, 0, 2 R HUFRIELE.

1.1 R" ERZEZRMERE
ENX 1.1 B4
f:rR'x---xR" — R

(X1, X)) = f(Xy, o X)
ARA m BN, e X3 EE ke{l,2,...,m}, u,veR"
Fr o, BeR KA

f(xX1,. . X1, U+ BV, Xpi1, -5 X))
= af(X1, o X1, Uy Xt 1, - - -5 X))
+ Bf(X1y ooy X1, Vy Xt 1y - - -5 X )

5l 1.2 —FXHEHHFAA R X EHK. &
a; = f(er),...,a, = f(e,) € R,

)
f: R" — R

/
(X1, ... x)" = aqwy+ -+ apTy,.

1



5] 1.3 ik

HF

N f A R? E&g—F &4
ISE. X o, B € R,

u= u1 LV = Yl e R
U2 (%)

auy + By 91)

)

flau+ fv,y) = det (
auy + Buy Yo
= (auy + Bur)ys — (cug + Ba)y,

= a(uye — ugy1) + B(viye — vay1)

u v
—adet [ s + [ det L
Uz Y2 V2 Y2

— @f(ua}I) + Bf(V7Y)

KM, AT IRIE f(x, au+ fv) = af(x,u) + Sf(x,V).
W fRDE &M R



5l 1.4 % f AR Loy —F &AM HHK, u,v,x,y € R",
a, B, A ue R BT flau+ v, Ax + py).
fif. FIR % & &M

flau+ Bv, Ax + py)
= af(u,\x + py) + Bf (v, \x + py) (KT H—NEALEM)
= a(Af(u,x) + pf(u,y)) + BAf(v,x) + pf(v,y))
(£F % AT RBM)
= aAf(u,x) + apf(u,y) + BAf(v,x) + Buf(v,y).
SRR
flatv,x+y) = fu,x)+ f(u,y) + f(v,x) + f(v.y)
o
flau, ax) = o’ f(u,x).
3|3 1.5 % f AR L m EEMLHK, ke(l,...,m}. N

f(x1, o X51,0, X001, -0 ., X) = 0.

IER . JATTHE

f(x1, ey X1, 0, Xp01, -0, X))

= f(x1,.. ., X1, 0+ 0, Xp11,...,Xp)

= f(x1, .+, X1, 0, Xpi 1, - X)) + f(X1, oo X1, 0, Xy 1, - -
— f(x1,. -, Xk-1,0,Xp 41, ..., X)) = 0. O



/%
f(ez-l, (ST e, )= iy o, ims (1)
Hrd iy dg, . i, € {1,2,...,n}. BATRI AKX n™ A>25L
K HE D m BRI LREN. B

n

X5 = E xij,jel-j, J = 1,2, cees M.

ij=1
ol

f(XhXQ)"')Xm)

n
- f E Lip 1€, X2y - oy Xy

i1=1
n n
= E xil,lf eil, E xi%geiw X3,...,Xm
11=1 10=1
n n
— E E xil,lxig,Qf (ei17 eiz) X37 R 7Xm)
11=11=1

n n n
- Z Z T Z xihll‘i?z T xim,mf (eiﬂ ei27 s 7eim)

i1=lig=1  ip=1

[i44
n n n
f(X17 X2y een 7Xm) — S: S: e S: Qiqig,...igmLi1,1Li9.2 ** * Lipy m -

i1=lis=1  ipm=1
(2)




1.2 R" _FRIZERITIRE MR
ENX 1.6 B4

f:R'x...xR" — R

(X1, X)) = (X1, X0)

ARA m BRI, X2 E 4,5 € {1,2,...,m},

f(Xla ey X1y Xy X1y - -0 X1, Xy X1, - - 7Xm>

= —f(X1, o X1, X, X1y ey X1, Xy X1y - -+ X))
5 1.3 B 47 ) 0% 2 R FRE). XN
dot (561 yl) — et (yl 371) |

L2 Y2 Y2 T2
SI3E 1.7 X f AR L&y m ERTAHK. R x,...,x,
FABRANGEAF, U f(x,...,x,) =0.
JEB. AR x; = %9 = u. KN

f(X1,X9,X3, ..., X)) = —f(X2, X1, X3, .-, X)),

BT LA

f<u7u7X37"'7Xm) - _f(u7u7X37-"7Xm)

— 2f(u,u,x3,...,%X,) =0.

5



KA 2 £ 0, BrBL f(u,u,x3,...,%,) = 0. O

W f 2R B n BRINREHERE. B m=n, &
IR A0 (1) A1 (2) #ET f AL B g2 1.5 50,
WS TR iy, ..., 0, FAEEAHEIA, T

ai,...i, = 0.

B, by PPN, UKL N st B — > B

o = .
il 7;2 Zn

BN (i1, ..., 00) = (0(1),...,0(n)). BRELEARX(7), &
i1

f(Xla X2y .- 7Xn) — Z A5 (1),0(2),....0(n)Lo(1),1%c(2),2 " " " Lo(n),n-

i& w = f(el, ceey en). ?‘Z’ﬂj%ﬁﬁ?ﬁ w %H aa(l)
A EIOC &R ARYE B HF SO A5 (6),

.....

.....



W, Wo=m -1, P, T X R k=1,
W% o = (i,5). T72,

Ao (1),....0(n) = f(Xh sy X1, Xy X1y - v oy X1, Xy Xjp 1y - - , X))
— _f<X17 ceey X1y Xy X1y oy X1, Xy Xjp 15 - - 7Xn>
= —Ww.

Wr S 7 k= 1A, W k>1 B St k—1 o, %€ k
B, &r=mn-1. Wo=mnr FAIE

— e fler, ... en) (AUER)

= €,W
Wr = RO
LB 5 A (3) mI R

f(Xla X2y n 7Xn) = w Z €ol1,0(1)L2,0(2) """ Tn,o(n)- (4)

T, B R ER) n ERAMEREE R AR (4) HRA
R B IR n RN, Horh w T HUT RS



2 ATHITNRYE X FNE AR R

EX 2.1 477 Xy #¢
det: R" x--- xR" — R

Ve

(Xla R 7Xn) = ZUGSn €olo(1),1" " " Lo(n)ns
A
L1,
X; = : , 71=1,2,....n
Ln,j

FH (4) AT&N, det /& R _ER n LTRSS FREREL
ERE 2.2 ARIE (3) P w B9 XL, det(ey,...,e,) = 1.
ENX 2.3 % A=(a;;) € M,(R). 46 A 891752

det (M, . ,ff(”)) C(HFHR)
=

det(A) = Z €clu(1)1 """ Qo(n)n- (RER) (5)

oeSy,
HERE A BOATFIRIE det(A) 5 |A]
HLE

det(A) = D €510(1)1* tnon)

oESy

8



N5 YA i (1

- Z 67'a1,T(1) T an,T(n)-

TES),

SESE R, AT R,
frel 2.4 3% A € M,(R). M det(A) = det(A").

L
BRI PR S SCRT AR, det(A) BT A BB n SRR
B, AR BRE A R.

(L1) i AD = v, o e R Ml v € R,

—

det(A) = avdet (%T(l), AU g AU A(”)> .

(L2) det(aA) = a" det(A).

.,0(n)})



(L3) #je{1,2,....nt HAV =u+v. N

det(A) = det (A, AU u, AU, A
et (A0, AU v, A0S, A0,

(L4) ¥ je{1,2,....,n} HAD =7 vy, Ha; e R
%D vV, € R". )I_[\”

det(A) = Z ay. det (%T(l), AU AU A’(TO) .
k=1

(E FRPER e (L1) 1 (L3) BT B 2 5 26 M R A T
AN TLRAMEN. PERR (L4) & (L1) B (L3) (3 (A
R B TTAS). PERR (L2) AT LI n YR (L1) 75,
AR

det(ad) = det(a AW, aA?) ... aA™)
= adet(AW, aA®) | A (W E—FIH (L1))
= o2 det(AW, A® oA oA™Y (6rEE = FI A (L))

—

= o det(AW, A®) . A0
= a" det(A).

) 2.5 LB D, = diag(\y, ..., \y) AT XE T A -\,

10



W, & A HE

det(D,,) = det(A1e1, Ases, ..., \yey)
= >\1 det(el, )\262, ceey )\nen) (XT%"‘%] ﬁ] (Ll))
= )\1)\2 det(el, €9, )\383 ceey Anen) (Xf% :—5'] }‘ﬂ (Ll))

= M- Andet(er, e, ... ) = A1 A

5l 2.6 X A € My, (R) #5334k, 1EBA: det(A) = 0.
WEBH. BAA A" = —A, PTVA det(A) = det(—A) (A 2.4).
RAEE (L2),

det(—A) = (=1)*""det(A) = — det(A).
T &, det(A) = —det(A). A det(A) = 0.
A AT A SR BOE RS FREOAME T (L4), FATI752:

(S1) VLA HTTFE A A F SR AL B A 27 K B, W
det(B) = —det(A).

(S2) HEITRE A A FFIHIR, W det(A) = 0;
(S3) R A TR T IO 2, W det(A) = 0.

(54) 8 A R —FI 0N 2] 75— 5] ER 2R B,
det(B) = det(A).

11



PERR (S1) oKk B R FReR B e S PR (S2) 2 B A YT
H15 B EREAER. PR (S3) IR T ATk

n—1
_ Z ozjff(])
j=1

1l
n—1
det(A) = det(AV, 4@ AU N o AU
j=1
—1
Z det(AM, A A AWDY (B (L))
=

— 0. (RPRIREEEAMTIIR (52))

PR (S4) RIS ES (S3) Bl B R T, Ak
B=(AY 4+ aA? A®) AW
HeaeR. M

det(B) = det(AD) + o A®), 4D, .. A)
= det(A) + adet(A®, A?), . AY) - (H—FIH (L4))

= det(A). (X5 AMTHIRHA (52))

5 2.7 X A e M,(R). 1E8H: A RikFkza 5 det(A) = 0.
12



iEEH. AR A Rk, P A 7 e R4k, #iE
Mol eER L eI ERMAL (5 5% — 3o 1.11
(iii)). WHER (53) T4, det(A) = 0.

5 2.8 T H n Y F4ESE49 477 X
. WA (S1) THe, det(F)) = 1 i # j WRE. &
MATFIRETF 1. IBA (S4) The, det(F))(a) = 1.
MR (L1) T4, det(F™(N) = A.

5 2.9 RAIVH 2£0EH: wwEHE A ARIAR, N
det(A) = 0.
ER. 3% A = (ai)nxn B AW = A2 q

det(A) = Z €olu(1),100(2),2 " * * Ao(n)n

oES)

= Z €ols(1),100(2),2 " " * Qo(n)n

o€Sp,0(l)<o(2)

4 Z 60&0(1),1ag(2),2aa(3),3 o aa(n),n
o0€8p,0(1)>0(2)

- D €lo(1)100(2)200(3)3 "+ Go(n)n
c€Sn,0(l)<o(2)

— D €0le(2)100(1)200(3)3 " * To(n)m
c€Sn,0(l)<o(2)

- 0 ( %(2),1) = Ug(2),25; Ag(1),2 = aa(l),l-)

13



(Ul,l U2 U3 -+ U1,n\
0 wu9so Usg -++ U9y,
T, — 2,2 %3 2,
\0 0 0 - unn)
Fo
(60 0 0 0\
o1 ¥ 0 0
T, = 2.1 €22
Ken 1 En,Q gn 3 gn n)
]

det(Tu) = UL 1U22 """ Upn Fu det(Tg) = 61’162’2 s gn,n-

Y. JAPRIEM =M1, T =AFEREL
iﬁ Tu = (ui,j>n><n- }I_\”J\_i!l% < j Hﬂ‘, U 5 = 0. Y':E det(Tu) H@
LR (5) T2

Ao = €oUT o(1) " " " Un,o(n)>

Hibho e S, nBRAFAEEAN e {1,2,...,n}, 1157 > o(0),
Ma, =0. T3 a, Z08F i <o) MFIBEi=1,2...,n
JRAL. W o AR E [F L. FRAT145 3]

det(Tu) — Qe = €U (1) "~ Upe(n) — UL,1 """ Unn- [

14



THEAT H N — AN A 75 2l I 5 — A5 3R]
FA WAL L5 2 BIAT B O N R FERE AL Oy B =AM B =
TEHRE, SRIG R FH A 2.10 1525 € AT 51 A

i SRR A B — R — IR AT 41 AR E
AT (MR (S1)); 1 ML — TR 3 — R 5 AR AT 41 U
(EANAE (TEJ5T(S4)). 4F 38 =155 A8 ), 47 51 2 fe
L& =4 1 ST

5] 2.11 +FH 4%

001
1 -1 1 1
A= 2 B=1010
1 1 -1 1
100
\1 11 -1
a9 473 X A91H.
TEWL. LR % = £ % 1T KT A3
(11 1 1\
0 -2 0 0
det(A) = det = —8.
00 -2 0
\o 0 0 —2)
I 5 — XA 47 BT A
100
det(B)=—det |0 1 0| =—1.
001

15



5 2.12 EF n Mr4E%E

(a bbb

bab- - Db

b oo o

847 5] K.
. % kR RER (S4) TR

(a+(n—1)bbb - b)

tn—1bab - b
det(A) = ¢ T n Db

\a+(n—1bbb - af
WABM R (L1) 13

(105 b)
det(A) = (a + (n— 1)b) ?7?f'é.
\1 b b a
HFAIR & EFIT LT8R, &KMNA
(1 b b o b))
O a—-—0 0 --- 0
det(A) = (a+(n—=1)b) |0 0 a—b --- 0 = (a+(n—1)b)(a—b)""1.
U T

16



I 2.13 % AeM,(R). 1 det(A)#£0 ¥ BAX H rank(A)=n.

JEE. MR 2.7, FATH det(A) #0 = rank(A) =n. X
2, W rank(A) = n. W@ —ME ZRYIET R, K
TR DA A AR BB R RS (= A R

(Um U2 13 - - U1,n\

0 wugp w23 -++ Uy

\ 0 0 0 - Uy
T &, det(A) = £det(T,). W 75 k5 B 3.2,
rank(T,) = n. WATHER T, XI AL LR AIES. HRiE
il 2.10, det(T,,) # 0. M det(A) # 0. O

HEIL 2.14 % AeM,(R). W] det(A)#£0 % BAXY A T,
IEE. PR e ENSE A e 714 BRI S O

5] 2.15 EBF 52 & b 69 I Z Y B3 ARSE [ AR AR T 3%
WERH. @ 17] 2.6 7T 4w, AEA4T F 2 U & 5F AR 4E [ 09 4T 5] X AR
FTF R, ARE LRI RO RS ARSE AR R T 2

17



3 1THIRIH—Z kR
3.1 THIRE—1T(FI)RHA

EMX 3.1 K AecM,R),i,je{1,2,...,n}. X AP}H
i A G IFEIEY (n — 1) MR I RXARN A X T
i A7 Fe § F18(n — 1) BraR 13K (co-minor), iTH M, ;.
Apj=(=1)TM,;; AR AXT i 474 j 28 RECR T

5 3.2 &
123
A=1456
789
)

56 1 2
Ml,l — det 71?‘:' A273 = (—1)2+3 det = —Mg’g.
8 9 7 8

{1,2,...,n},

det(A) = Z a;x A A det(A) = Z ap j Ak -
k=1 k=1

7

~~

Be— 17 BT Be— BT
. B E 1L W ATREATTE (n — 1) NMTEEET
Z. N det(A) = appAnn.

18



5 1 69EBA. HAT A E SRR

det(A) - Z €ol1o(1) " " An—1,0(n—1)4n,o(n)-

oeSy

?'\j\é'l n ?é a(n) Hﬂ‘, An,o(n) = 0, F‘ﬁu

th(A) - Z €ol16(1) """ An—1,0(n—1)Anmn-

o€Sp,0(n)=n

[

det(A) = a,,, Z €A1 (1) Op—1,r(n—1) = AnnMpn = GppApp.
reSn_1

W& 1oL

#rE 2. WA ATH AR A uRIEF. N det(A) =

a; jA; ;.

BiE 260iE . A PE T AL, A B, R
JEHFHRAE RS 5 A 55 (5 + 1) BIE 5 n 5IEAHHA,
FRATTA5 355 e

( ayl 0 a15-1 arj+1 0 Ain aj \
Qj—11 *° Aj—15-1 Qi—145+1 - Ai—1n Ai—1j
B = Qiy11 " Gip15-1 Qip15+1 " Qirln Gitly
Ap—11 *°° Ap—1,-1 Qp—-14+41 " QAp—-1n Ap—1j

\ 0 ... 0 0 .0 a;. )

19



BT 1, det(B) = ai M. BATHISEET (S1),
th(B) = (_1>n—i+n—j det(A) = (—1>i+‘j d@t(A) — th(A) = CLZ'J'AZ'J‘.

W= 2 Jlior.
THFERE—RIEE. BT80N 2 EL MK S 2 1)
g3

S

det(A) = Zdet 0---0,a;,,0,---0 a; jAi ;.

<o
I
)
=
+
.
<o
I
)

PATEI T AT I A 20 1251 e T 2 2UAT BLRALLIE
W, BaER AT S A B AT T A GER. O

Bl 3.4 EFAITIX

5 3 =120
I 7 2 52
D=0 —2 3 1 0].
0 —4 —-140
0 2 3 50

20



. AR Bk e BIERA P e S 2, RAVA

b 3 —1 2
-2 3 1
0 -2 3 1
D=-2 =—10|—4 —1 4.
0 —4 —1 4
2 3 5
0 2 3 5
BA R F = AT LA
-2 3 1
D=-10] 0 —7 2| =20 %6 x (-7 —2) = —1080.
0 6 6
5 3.5 Vandermonde 73| X. & (aq,B1),..., (an, Bn) €
RYZ2 KRFAn -1 RFEEHZAX
f(CU) zan_lx”_1+---+a1x+a0
1845
f(OéZ’):BZ', i:1,2,...,n.
Bp
a()—'_al@i—'_'"—l_a'n—Zazn_Q_'_a/n—l@?—l :Bia 2.21727"'7”7
HYF oap,a1,...,0,9,a,_1 & nAKFE. FlFLEEE T,

21



HAA

(1 a ot o/f_l\
1 o oy ah!
-2 -1
1 an ap"y 0T
-2 -1
\1 ay, a, )
A
1w Vi(ag,...,ap) = det(A).

(6 )
6.2

ﬁ:zﬁ?%? aq, ..

e
\ 6 )

L 1

Vandermonde {TH,. iz 7 XL B{ieH V.
BIFV, B ZHMIik KRMNMZERRAMF T Bfd s
J Ak, 4 n=2H,

10{1
Vs=11 as 3

2
1 a3 o3

1

Vo=,

2
o] 1
2

o
=0 a9 — (1

0 a3 — g

1041

= (e —ay)(az—aq) (0 1

0 1

'+ ol _
AV, = H1§i<j§n(aj

a3 —of

a3 — af

o

Q9 +

s+ aq

22

= (042 — 041)(&3 — Oél)(Oég — OdQ).

— ;). & >3 WECNT B



1 o 0/1%2 af 2(a) — ay,)
1 o o o ag — o)
1y apZi apZHan-1 — ay)
1 o a2 0
1 o " ay —ay)  alHog — )
1 o b ag —ay)  ab o — ayp)
1 a, A Han1 — o) a3 (e
1 o, 0 0
(AFn—l,n(_Qn)Fn—2,n—1(_an) )
1 o —ay a3y — ) al?
1 as—ay, b g — ) ah?
1 ap1—an - on (oo —an) ap”{(an_1 —
1 0 . 0
(AFn—l,n(_an)Fn—Q,n—l(_@n) e FI,Q(_
n—1
= (=" [ [ (i = an)V(aa, ..., 1)
i=1
n—1

- r(an - Oéz’)V(Oq, Ce an_l)

= [[tan—a) ] (0j—a)

i=1 1<i<j<n—1

= —[ (o — ).

1<i<j<n

23




FHiM a2, T4, ABmHKY RS a,...,q, AR
Bl. LB, PTK %0 XA & HofE—.

5] 3.6 itH

(2100---00\
1210--- 00
D — det 0121.--00
0000 - 21
\OOOO---lQ}

. A HF D =2, Dy =3,

210 0 —3 —2
Ds=det|1 21| =det|1 2 1 | =4.
012 0 1 2

B D, =n+1.
En>3BHYEME DT n i FENRE, BFE—PET
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<)

=\

(100 - 00)

1r21--- 00
Dn:2Dn_1—det
000 --- 21

\000---12}

=2D, 1— Dy, 9=2n—(n—1)=n+1.

1) Ak, 52
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