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2 A TARRE

2.1 M FEENESE

KTEEGWHEAES W http: //www.mmrc.iss.ac.cn/

~zmli/LinearAlgebra-2022-2023/LectureNotes/LA1-2.

pdf 5 3 1. BT S

IERE e AR DORUR R PR S BEE
3 \J 3 \J 3 3
7" N 7 Q R C

WA Ztc NcZcQcRcC.
WSy, ..., Sy 2dEe RS, A& K RAR(Cartisian
Product) ;&6 55

{(x1,...,2) |21 € S1,...,25 € Sk}
WHN S X xS H4S,.... 9 #HETES S H£45
S x - x SN SF. Flan —4E ST Al i N R,

MR ob A IS A TR, A 2 A R
£ MFRZ AARTRSE. MAERE S, B mm a6
A |S| B card(S), HH card #& cardinality B4 5. RF 5l Hy,
card(@) = 0. X T JLIREE, card(S) = oco.
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R A FE v OV 2 ok 20 4 R 4L 1O AR
B LRETRES 21, x, LR 4

sol(L) = {( : ) ‘Ozl,...,&n e RES{ 2 =04,..., xn:an%l)ﬁ@ﬁﬁ}.
MRZ A L AR S, W LA S HA = sol(L) # 0; L
Y HA Y card(sol(L)) = 1.

Wl 2.1 BFREMTAEERE HORAHIEER A XL
R VA (Alb) A3 T 4EIE GG KMk AR, %

1
Oy
A& (L) &g—A~fE. 0|
ap + B o
sol(L) = { : | | ¢ | €sol(H)}.
an + By B
'LEBH /Q‘\ A = (ai,j)mxm
b1 ap + B o
b= : MoS={ : || ¢ | €sol(H)}.
by, oy, + By B
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w
A1
e S.
An
NIAFAE
241 )\1 a1 +
€ sol(H) f#i18 .| =
fn, An o + Un

MAEE e {1,...,m},

n n n n
Z i jAj = Z a; j(otpy) = Z az‘,jOéjJrZ a; jp; = bi+0 = b;.
j=1 j=1 j=1 j=1

Ly
Al
€ sol(L).
An
FATHE S Csol(L).
RZ, ¥
A1
€ sol(L).
An



1l

A1 aq + (/\1 — Oél)
)\n 07 + ()\n - Oén)
Xfie{l,...,m},
Z am()\j — Oéj) = CLZ'J')\]' — Z GJZ'J'Oéj = bz — bz = 0
j=1 j=1 7=1
[
)\1 — (1
: € sol(H)
A — Ay,

BATH sol(L) C S.
Zr ERTd, sol(L) = S. O

2.2 MEENX. fflFFER

EX 2.2 % SHFTRZANEZTEL, fCSXT. 4wt
&Y 2SS, BEE—ycTEF (v,y) € f. WK fE
S BT 89S (map).

HERATIEMMN S 2 T WIS £ 184

f: 8 — T

xr = v,
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Hrh (x,y) € f. BNy ME—, BrUAFRATIE v 128 f(x). %
WL e f S — T

5] 2.3 AEARAZFANZ TN FENE LR —
ANBRgt. AR AL BN R G F T H T — A
5, XREANA E LT RE.

PUN WU E S Ja 2 225 T 2.

5 2.4 neg4t
f: 85— 5

T — I
MAZS S LaylEFMSS, 8% TR idg, 9+ id £ iden-
tity W46 5 .
5 2.5 &S RELSSHIETTE, F:5 - T w4, N
g: 8 — T
z = flz)

RIS BT 8Mest. A f A S LR, 2 H fle.

5l 26 XS AZSWIEZTHE. X

’I:S/Z S/ — S

r = T

A S B S AR,



5 2.7 wRgt
pSZSXT—>S

(xw =
FRAMK S x T 2] S 6852 (projection). EAR, HATT LA
ZXMNSxT 2T éﬁ«ff”f’-’

EN 2.8 FEBA f:S—T.

(Z) '}zn%ﬁ'@:% T, T € S H xy 7é X9, &'ﬂ]%’gi}—

f(x1) # f(x2).
M AR f A2 FYS (injection).

(ii) mREZEy e T, Az € SEFy = flz), WA
[ AW (surjection).

(i11) %o R f BRA G A HSE, WA f &I (bijection).

B3 2.9 12 F] Beit & 4T,

# St
f: R — R

xr $2.

CHRANAFHERZHS. X R = {z € Rlz > 0}. N
f\w & 4.
BN S — SRES, B ps: SxT — S &
At BE cos i R — R AR FHF. A2 cos | A F 4.
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2.3 BREMEREEKE
Wf:S— T HScCS £4
f(S) ={f(z)|z €5}

MO S TE f FRMESE. FealHh, f(S) FON f BFIME4E, iE A
im(f), XH im 72 image FI148 5. BLST f 2S5 HA G
f5)=T.

wT CcT. %5

T ={z eS| f(x) €T}

PN T T2 f FRIRALE (F %) WS E AT A
FUT) =S

Wt e . BATR FL{t)) &t T F L% (fibre).
BATAT AR AR 4R IR B . T S XU, AR f B
WHHEAY KT f BN ERZ 5/ — 1Ttk f 2
W HACH E A 4EdE2, f 20U 5 HACH B R &
MR SH — DR,

51 2.10 X f: R — REAKX f(r)=sin(x) %&d. 0
im(f) = [~1,1], £((0,7)) = (0,1], f({0}) = {kn|k € Z}.
51211 % f. X =Y &S, ACX A= BCY. iE¥:

(i) AC f7H(f(A)).



(i) f(f~1(B)) C B.
WEBH. (i) R a e A. N f(a) € f(A). ¥ a e fHf(A)).
2EIE A% L

(i) & be f(fY(B). WKk ce [1B) #£F b=
flo). & f7YB) W& L T4 be B. thitm . O

2.4 MRGTHES
Wf:S—THg: T — URHAWL. WIEATTLLE
SC— AN A
o: 5 — U
z = g(f(x)).
RAVFRZILS N f g B E4A (composition), e go f.
S4 0 L@ A ERIE SRR

S%T

gof lg

U.

Rl 212 X f: S —THAg: T — U ZFABH.
(i) %ok f Fo g AR ZGE, M| go f A FE S,
(it) 4m R f F= g A A S, W go fAEFHS;

(iii) 4o B f F2 g HAIS, W go [ A2
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WA, () W,y e SHa #£y BAfZRG, Brik
flx) # fy). XA g &S, BTLl g(f(2) # g(f(y). T
&, go f R

(i) ¥ 2 € U. A g &S, FTUAAFAAE y € T 15
g(y) = z. XA f WS, FIUEAE z € SR y = f(x).
T2, go flz) =g(f(x) = g(y) = 2. W go f 2T

(i) & (1) A (if) B faT s ie. O

wWf:S —THgqg: T — SEWANELE. T
gof:S —SH fog:T — T REMW/NAE XL,
S #£ TH XA AR, F5L b S =T, 22#k
Hgof=fog WAL,
5 2.13 %

f- R — R
2

£ g: R — R

r — X r —~ x-+1.

go f(z) =g(a®) ="+ 1.
fogx)=flz+1)=(z+1)
# fog#gof.
5l 214 & f:.S—T. 0

foids(z) = f(ids(z)) = f(x).
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H foidg = f. X,

idp o f(x) = idr(f(z)) = f(2).

#(ldTOf:f

I T FRATTHE B B 2 S R A S AR
215X f:S—=T,g:T—>UHh:U—=V. N

ho(gof)=(hog)of.

B, MRz € S,

ho(go f)(x) = hlgo f(x)) = hig(f(z))
H
(hog)o f(z)=(hog)(f(x)) = h{g(f(x)).

T, ho(go f)=(hog)o f. O
G 25 & e n] LB T 32 i BT R iR s

S%T

NP

Uu—"5v

SIBEURANCEN: (S IR EN: T (WIS L a2 R G I
—AIeE. i, AT LS =R f, 9, h IEEE K
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hogo f. X—MIEKISEMES Z MR E S, Hlanxt
Wit ¢S — SH ke Zt,

¢ i=go - 0g.
k

JH:&[‘, gbo = idS.

2.5 MRETHYIE

EX 216 % f: S — T s wREHEAEBES g -
T — S4E#F go f=idg B fog=idp, WA f &0k
5, g AR A f 69— AL

L 2.17 BeA f S — T TT# Y HIXY f 24,

. W f A H g2 f IR, XMEE 2,y € S
Ha#y BATHE

g(f(x)) =(go f)lz) =idg(z) = x.

FIEL g(f(y) =y BNz #y, BTEL f(2) # fy). B f 25
B HixzeT. & x=g(z). N

flx) = flg(2)) = (o g)(z) = idp(z) = =.

T, [, g, f X
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ez, B f X WX TRt € T AFEME— 1
st € SAEMR fs) =t EX

g: T — S

t — St.

MXHMERt €T, fog(t) = flg(t)) = f(s;) =t. B fog=idr.
MEE z € S, & t=f(x). Waz=s. FATTHH:

goflz)=yg(t)=s =
W go f=idg. O
RR 2.18 XSt f S — T TiE, W€ a9 e gtvg—.

GEW. g h R ORI W go f = ids. T,
(go f)oh—idgoh = h. RARHSTHILE S

h=go(foh)=goidr=g. O
WA f .S — T A3, NERd oy
R 219 (i) EMH ST T#. N LT S
(fH =1
(it) (FRBERAN ) xSt f:S — T, g: T — U #
T, W go f ALY % EH
(gofyt=flog™
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R, () BN fof ' =idp H f'o f =idg, FTRL f1H]
W H WSS T f

() B\ GO T — SFg!:U— T
L h=flog™ . BRMU IS I WIS EH, &K
(N

ho(gof)=(fTog)olgof)=fTto(glog)of
=floidrof=f"lo(idrof)=flof=ids.

el

(gofloh=(gof)o(ftog)=go(fof oy
—goidrog l=go(idrog ) =gog ' =idy.

iAo, O

] 2.20 % f R — R EAK f(z) =sin(z) &H. 0

g: =28 — =11
T = f(x).

N g ZXGF. HZ At & arcsin(z).
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3 FMEREMFER
3.1 —TTXZ&H
EX 3.1 XS A—NEZELS RAZSxSHFE. &N

R RARA S EO—ANZIJCRR. 4R (a,b) € R, WAk a
o b H X% R, 3F1TH aRb.

B 3.2 % R={(z,z)|x €S} MxEFa,be S, aRb %
AL a=b $5Z, RASFHFTXR.

5] 3.3 X L AR PHAALNWESL. X
C = {(61,62) € L2 ‘ 61,62 ;ﬁ//a\%,‘g\}

SAEECREABAEKMIAES. & P=L12\C. N
(Pl RE O Bl FiAa R E A

5] 3.4 X R={(z,y) e R?|z <y}. W R#HAFZHEL

< RAR.

3.2 FEMxXAE
EX 35 XSAFZEEL, ~RAS EH_AXEFE. X
(i) STz eSS, v~z (A RM),

(1) XRao,ye S Hr~y, Wy~z (FFRME),
14



(iit) R x,y,z€S, v~y Ly~z WMo~z (HFiEH)

M AR ~ ZEFEAT R AR

5l 3.6 BI3.dFMETRARFNKXA. LT AR PHAZ
AT ELS. NZAK2F AR LFN KR,

B 13.3 FHIR R C Al AL, AR P A a E kM,
B B.AFHIC R < A ESFRME. BETIEA SN R R,
5] 3.7 XS AP AMNFTFIHAFAEANESLS, ~ REES
TRBRF IR ZFEERENFEE,

WareZMmeZ WAL —%%q re{0,1,...,m—1}
fi 15
r=qm-+r.

WATREAEME . HiXe =un+o HfueZM
ve{0,1,....m—1} AR v>r. W (g—um=0v—r.
BAm >v—r Fillo=7r. HIEE ¢=u TLAIFRr
Zr RTmIBREK £ 2 RXRT m BB, BN
rem(x, m) M quo(x, m).

MRGFEE € ZHE 2 = km, W m E% z. idN

EX 3.8 &EmeZt. HayeZ FMNHafyxTm
Fl&, mRXm|(r—y) WA=,y RXRxr=y modm.
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THIRATRIGAE =, 2E KA.
e (ARMVER x €Z, m|(x —x), THE, =, ©.
o AN Wa,yeZ =,y WHEwe ZFEH

(z—y)=am. My—x=(—a)m. Bm|(y—2x). &K
11538y =, =

o (B M) W x,y,2€ZiHEr=,yMy=,z NIF
ffa,be ZMHfBr—y=amMy—2z=>bm T,
r—z2=(a+bm. Wzx=, 2

Wi sEHE
R 3.9 KabeZ HnAKT 1 8EEK. N
a=,b <= rem(a,n)=rem(b,n).

. Wa=,b WHEAEmMEZMEHFa—-b=mn H
WAHl a =b+mn. &b=qgn+r, HF ¢ = quo(b,n)
r =rem(b,n). Wa= (¢g+m)n+r. B Are{0,1,... n—1},
Pt LLR BRI ME—PEZE 5 r = rem(a, n). #§
rem(a,n) = rem(b, n).
[z, ¥ rem(a, n) = rem(b, n). W HERIE LA
a— b= (quo(a,n) — quo(b,n))n.
M nl(a—10), B a=,b O
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3.3 FMEMFHE

W~ e S EEMRR, 28, MKT oz K50 L2

z={y € S|z ~y}.

BeAt, z FIAER A IU R AL F N R — R E T

ERE 310 X~ RS EWFEMNXRE, x e S RIEaRMK,

xrEeEx.

AEH

frEl 3.11 X~ RELS S EFMNXFE, 2,y S.

(1) xt ~y <= T =1.

(i) v vy <= zNYy=10.

. ) Wwoe~yHaecz Wa~a WIFEXTFRME, y ~ 2.
HHEEEMSE y~a T2, acy BMIENz Ccy [FHE

yCcrz Mz=y RZ, %z=y RIF\ERE
ycy WMyecz HIEEH 2~y

3.10

rex M

i) HOAFH, z2Ny=0 = o~y RZ, Wz =y
Hzecxzny Mo~ zFMy ~ 2z RIEXTFREA AL M

r~y. AE. O

Al 22T R AR~ K HTSE A 2R A8 12 22 BT BB,
BRI NAERTT. &6 Z KT = Xamt
FI mBEEMAE LR MBI 0,2, =2, ... 1M

AWHERAAKITTAEN T, -1, 3, =3, ...,
17



B 3.12 XmeZ' MZXT =, 95hEiR
0={kmlk € Z}, 1 ={km+ 1|k € Z},
oo, m—1={km+m—1|k € Z}.

ENX 313 E~2 S EWENRXE. AT ~ 8 ASFH
K EOAMH S AT ~ L. TH S/~ Bedt
m: S5 — S/~

xr X

A KT ~ T S EH IR

VE R B W R . X TR R AR~ HL TR
s A WTERAL IR 22 AN BE . X T =, By WS e 22 A I
BB A A .
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