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ABSTRACT

Parallel telescoping is a natural generalization of differential
creative-telescoping for single integrals to line integrals. It
computes a linear ordinary differential operator L, called a
parallel telescoper, for several multivariate functions, such
that the application of L to the functions yields partial
derivatives of a single function. We present a necessary and
sufficient condition guaranteeing the existence of parallel
telescopers for differentially finite functions, and develop
an algorithm to compute minimal ones for compatible
hyperexponential functions. Besides computing annihilators
of parametric line integrals, we use the parallel telescoping
for determining Galois groups of parameterized partial
differential systems of first order.

Categories and Subject Descriptors

1.1.2 [Computing Methodologies]: Symbolic and Alge-
braic Manipulation—Algebraic Algorithms

General Terms
Algorithms, Theory

Keywords
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1. INTRODUCTION

The problem of finding linear differential equations with
polynomial coefficients for parametric integrals has a long
history. It at least dates back to Picard [28] who proved the
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existence of such linear differential equations for integrals
of algebraic functions involving parameters. His result has
been generalized to higher-dimensional cases and led to
Gauss—Manin connections [22, 23, 15]. The key for obtaining
such linear differential equations is the method of creative
telescoping, which was first formulated as an algorithmic
tool by Zeilberger and his collaborators in the 1990s [35,
36, 34]. The method enables us to prove a large number of
combinatorial identities in an automatic way [27]. For more
recent developments, see the survey article [17].

Given a function f(¢,z) described by two homogeneous
linear differential equations with polynomial coefficients in ¢
and z, the method of differential creative-telescoping [1]
finds a linear differential operator L in 9/9¢ with polynomial
coefficients in ¢ such that L(f) = 0g/dx, where g is usually
a linear combination of partial derivatives of f over the field
of rational functions in ¢t and x. The operator L is called
a telescoper for f, and the function g is called a certificate
of L. They can be used to evaluate parametric integrals of f
with respect to x.

Recently, a connection has been revealed between differen-
tial creative-telescoping and Galois theory of parameterized
differential equations in [9, 2, 10, 29, 13]. Consider a first-
order partial differential system of the form:
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where fi,...,fn are rational functions in ¢, x1,...,2z,
satisfying compatibility conditions. Its parameterized Galois
group can be determined by constructing a linear ordinary
differential operator L in 9/9t with polynomial coefficients
in ¢ such that

L(f1) =

for a single rational function g. The operator L will be
referred to as a parallel telescoper for fi, ..., f, with respect
to x1, ..., xn. Parallel telescopers may also be used to
evaluate parametric line integrals in the same manner as we
do for single integrals by classical creative-telescoping.

In this paper, we present a necessary and sufficient
condition guaranteeing the existence of parallel telescopers
for differentially finite functions (see Definition 2). This
condition can also be derived from the finiteness of the
de Rham cohomology with coefficients in a holonomic D-
module [3, Chapter 1, Theorem 6.1]. But our proof is
elementary and constructive, which leads to a recursive



method for computing parallel telescopers. The condition
can easily be verified if the given functions are hyperex-
ponential. We develop an algorithm to compute a parallel
telescoper of minimal order for compatible hyperexponential
functions. The algorithm can be used for constructing
parallel telescopers for non-compatible ones, although its
output may not be of minimal order. We also show how
to determine the Galois group of a differential system of the
form (1) by parallel telescoping.

The rest of the paper is organized as follows. In Section 2,
we review the notion of differentially finite elements. In
Section 3, we study the existence of parallel telescopers.
We present an algorithm in Section 4 for constructing
minimal parallel telescopers for hyperexponential functions.
In Section 5, parallel telescoping is applied to determine
Galois groups of parameterized partial differential systems
of first order.

2. DIFFERENTIALLY FINITE ELEMENTS

Let k be an algebraically closed field of characteristic
zero. Let &, be the usual partial derivative with respect
to x; on the field k(x1,...,2,) for all 7 with 1 < 4 < n.
For brevity, we set x = (x1,...,2n). Over the differential
field (k(x),{d1,...,0n}) there is a noncommutative alge-
bra k(x)(D1, ..., Dn) whose commutation rules are

DiDj = DjDi and le = sz + (52(f)
for all 4,5 € {1,...,n} and f € k(x). The algebra is also

called the ring of differential operators associated to k(x).
The commutation rules imply the following fact:

Fact 1. Let L € k(x)(Dx,...
for every i with 1 <i<mn.

. D) and [D;, L] = D;L—LD;

(i) [Ds, L] =0 if and only if L is free of x;.
(i) If L is free of D;, then so is [D;, L].

(i) If L is in k[x|(D1,...,Dy), then the degree of [D;, L]
in x; is less than that of L.

Due to the noncommutativity of k(x)(D1i,..., D), we
make a convention that ideals, vector spaces, modules and
submodules are all left ones in this paper.

Let M be a module over k(x)(D1,...,Dy). For an
element L € k(x){(D1,...,D,) and h € M, the scalar
product of L and h is denoted by L(h). We say that L is an
annihilator of h if L(h) = 0. The set of all annihilators of h
is denoted by ann(h). This is an ideal in k(x)(D1,..., Dy).

Definition 2. Let h be an element of a module over the
ring k(x){(D1,...,Dy). We say that h is differentially finite
(abbreviated as D-finite) over k(x) if ann(h)Nk(x)(D;)#{0}
for all i with 1 < i <n.

It is straightforward to see that h is D-finite if and only if
the submodule generated by h is a finite-dimensional linear
space over k(x). It follows that, if hi1,...,hn are D-finite
elements in a module over k(x)(D1,...,D,), so is every
element in the submodule generated by hi,..., hpm.

When a module consists of functions in z1,...,x,, its
D-finite elements are called D-finite functions. These are
ubiquitous in combinatorics as generating functions. D-
finite functions were first systematically investigated by
Stanley in [31]. Their important algebraic properties have
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been revealed by Lipshitz in [20, 21]. We recall a lemma
in [20, Lemma 3], which is the starting point of our study
on parallel telescopers.

Lemma 3 (Lipshitz, 1988). If h is a D-finite element in a
module over k(x){D1,...,Dy), then

ann(h) N k(z1,...
foralli,je{l,...,n} withi#j.

s 2n)(Di, Dj) # {0}

s Li—1yLi41y .-

The next lemma allows one to remove redundant variables.

Lemma 4. Let h be a D-finite element in a module over

the ring k(x)(D1,...,Dn). If
D (h) = Donya(h) = -+ = Da(h) =0
for somem € {1,...,n—1}, then h is also a D-finite element

over k(z1,...,Tm).

Proof. By the definition of D-finite elements, it suffices to
show that the intersection of ann(h) and k(z1,...,zm)(D;)
is nontrivial for all ¢ with 1 < ¢ < m. Suppose the
contrary. Then, without loss of generality, we may further
suppose that every nonzero annihilator of h in k[x](D1)
involves x,. Among those annihilators, we choose one,
say P, whose degree in z, is minimal. By Fact 1 (i), [Dn, P]
is nonzero. By Fact 1 (ii), it belongs to k(z1,...,zn)(D1).
Since both D,,(h) and P(h) are equal to zero, [Dy, P] is also
a nonzero annihilator of h in k[x|(D:). By Fact 1 (iii), it
has degree in x,, less than that of P, a contradiction. m

3. PARALLEL TELESCOPERS

In this section, we define the notion of parallel telescopers
for several multivariate functions in a module-theoretic
setting, and study under what conditions parallel telescopers
exist for D-finite elements.

3.1 Definition of parallel telescopers

In order to define parallel telescopers, we introduce a new
indeterminate ¢, and extend the field k(x) to k(t,x), which
is denoted by K, and set A = {0t,01,...,0n}, where d;
stands for the usual partial derivative with respect to ¢ on K.
Moreover, let us denote by R the ring K(Dy, D1, ..., Dy,) of
linear differential operators. The notions such as D-finite
elements and annihilators carry over naturally to K and R.

Definition 5. Let f1,..., fn be in an R-module. A nonzero
operator L in k(t)(Dy) is called a parallel telescoper for fi,
.., fn with respect to x if there exists an element g in the

submodule generated by fi, ..., fn over R, such that

L(t,D¢)(fi) = Di(g) foralll <i<n.
The element g is called a certificate of L with respect to x.

By Definition 5, the parallel telescopers for fi, ..., fn
and zero form an ideal in the ring k(¢)(D:). The ideal
is principal, since k(t)(D;) is a left Euclidean domain. A
generator of the ideal is called a minimal parallel telescoper
for fi,..., fn with respect to x.

3.2 Existence of parallel telescopers

We derive a necessary and sufficient condition for the
existence of parallel telescopers for D-finite elements. To
this end, we need a differential analogue of [27, Thm. 6.2.1].



Lemma 6. Let h be an element of an R-module. If h is
D-finite over K, then, for every i € {1,...,n}, there exists
a nonzero operator L; € k(t,x1,...,Tim1,Tit1,...,Tn){Dt)
and an element g; in the submodule generated by h such

Proof. Let N be the submodule generated by h over R.

By Lemma 3, h has a nonzero annihilator in K(Dy, D;),
which is free of z;. Among all of the z;-free and nonzero
annihilators for h, we choose one, say P;, whose degree in D;
is minimal. If the degree d; of P; in D; is equal to zero, then
the lemma holds by taking L; = P, and g; = 0. Assume
that d; > 0. We can always write

P, = L; + D;Q, (2)

where L; is in k(t,21,...,%Ti—1, Ti+1, ..., %n)(Ds), and Q; is
ink(t,T1,...,Tic1, Tit1, - .-, Tn){Ds, D;) whose degree in D;
is less than d;.

Set g; := Q;(h). Since P;(h) = 0 and g; is in NV, it remains
to show that L; is nonzero in (2). Suppose that L; = 0.
Then D;(g;) = 0, which, together with the D-finiteness of g,,
implies that g; is D-finite over k(t, 1, ..., Ti—1, Tit1,- .., Tn)
by Lemma 4. Thus, there exists a nonzero operator R;
in k(t,l‘1, PR 7 T TN xn)<Dt> such that R@(gl) = 0.
It follows that the product R;Q; is also a nonzero and x;-
free annihilator of h. But it has degree in D; less than d;,
which contradicts the minimality assumption for the degree
of Pi in Di. u

To study the existence of parallel telescopers, we introduce
the notion of compatible elements with respect to x.

Definition 7. The elements fi1,..., fn of an R-module are
said to be compatible with respect to x if Di(f;) = D;(f:)
hold for all 1 <1i < j < n. These lalter equations are called
the compatibility conditions for fi,..., fn.

The following lemma shows that the compatibility condi-
tions are sufficient for the existence of parallel telescopers
for D-finite elements.

Lemma 8. Let fi,..., fn be elements of an R-module. If
they are D-finite over K and compatible with respect to X,
then there exists a parallel telescoper for fi, ..., fn with
respect to x.

Proof. Set xpm = (21,...,Zm), and set R, to be the sub-
ring k(t,xm){D¢, D1, ..., Dy) of R for all m with 1<m<n.

We proceed by induction on n. If n=1, then f; has
a telescoper in k(t)(D:) with respect to x1 by Lemma 6.
Assume that the lemma holds for any n—1 elements that are
both D-finite over k(t,xn—1) and compatible with respect
to Xp—1.

Assume that f1, f2,..., fn are D-finite over k(t,x,) and
compatible with respect to x,. Denote by N the submodule
generated by f1, ..., fn over R,,. By Lemma 6, there exists
a nonzero operator L, in k(t,X,—1)(D¢) such that

Ln(fn) = Dn(gn)

Without loss of generality, we further assume that L, in (3)
is of minimal degree in D; and is monic with respect to D;.

First, we show that L, belongs to k(t)(D:). For all ¢
with 1 <4 < n—1, we set L; = [D;, Ln], which belongs
to k(t,xn—1){D:) by Fact 1 (ii), and has degree in D
less than that of L,, because L, is monic with respect

for some g, € N. (3)
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to D¢. Note that L,D;(fn) = LnDn(fi) = DnLn(fi), in
which the first equality is immediate from the compatibility
condition D;(fn) = Dn(f:), and the second from the fact
that Ly, is free of x,,. Thus, L;i(fn) = DiLn(fn) — DnLa(fi),
which, together with (3), implies that

Li(fa) = DiDu(ga) = DuLa(f) = Du (£:) . (4)

where f; 1= Di(gn) — Ln(f;) fori =1,...,n — 1. Since fi
belongs to N, we see that L; = 0, for otherwise, L,, would
not be a nonzero operator that satisfies (3) and has minimal
degree in Dy by (4). Thus, L, is free of z; by Fact 1 (i).
Accordingly, L,, € k(t)(D¢). Moreover, L; = 0 and (4) imply

Dn(fi)=0 foralliwithl<i<n-—1. (5)

Next, we apply the induction hypothesis to fl, e fn,l.
Since f1,..., fn are D-finite over k(t,%,), S0 is gn, and so
is f; for alli with 1 < i < n—1. By (5) and Lemma 4, f; is D-
finite over k(t,xn—1). Moreover, fi,..., fa_1 are compatible
with respect to x,,—1 because fi, ..., fn—1 are compatible
with respect to x,-1 and because L, is free of x,_1.
Therefore, there exist a nonzero operator L € k(t){D;) and
an element g in the submodule generated by f1, .. .,fn,1
over R, _1 such that

i(ﬁ) =D; (§) forie{1,...,n—1} and D, (§)=0. (6)

The first equality in (6) is due to the induction hypothesis,
and the second due to (5). Moreover, g belongs to IN.
At last, we verify that LL,, is a parallel telescoper for fi,

.oy fn. Set g = L(gn) — g. It belongs to N because both g,
and §do. Fori € {1,...,n—1}, LLa(f;) = L (Di(gn) - f)

by the definition of f, in (4). It follows from LD; = D;L
and the first equality of (6) that, for all i € {1,...,n — 1},

LLn(f:) = DiL(gn) = Di (3) = Di (L(gn) = 7) = Di(9)-
Applying LL,, to fn, we get
LLu(f2) = LDu(gn) = Dn (L(ga)) = Dalg),

in which the first equality follows from (3) and the last from
the second one in (6). Therefore, LL is indeed a parallel
telescoper for fi,..., fn with respect to x,,. =

The next theorem gives a necessary and sufficient con-
dition on the existence of parallel telescopers for D-finite
elements.

Theorem 9. Let f1,...,fn be D-finite elements of an R-
module. Then they have a parallel telescoper with respect
to x if and only if there exists a nonzero operator PEk(t)(Ds)
such that

P(Di(f;) = Dj(fi))=0 foralll<i<j<mn. (7)

Proof. Assume that fi,..., f, have a parallel telescoper P
with respect to x. Then there exists an element g in the
submodule generated by fi, ..., fn such that P(f;) = D;(g)
for all 4 with 1 < ¢ < n. Since D;D;(g) = D;D;(g), we
have P(Di(f;) — D;(fi)) =0.

Conversely, assume that there exists a nonzero operator
P € k(t){D;) such that

P(Di(fj) — Dj(fi)) =0 foralll<i<j<n.



Then P(f1),...,P(fn) are compatible, because P is free

of x. So there is a parallel telescoper L for P(f1),...,P(fn)

by Lemma 8. Therefore, LP is a parallel telescoper for fi,
.., fn with respect to x. =

4. HYPEREXPONENTIAL CASE

Let E be a differential field extension of (K, A), where K
and A are as in Section 3. The set of extended derivations
on F is also denoted by A. The derivations in A are assumed
to commute with each other. Furthermore, we assume that k
is the subfield of constants in E.

For an element h € E and an operator L € R of the form

>

4,J15++,Jn 20

. C DipJt ... nin
@i jy,....jn D D1 Dy

with a; j, .. € K, we define the application of L to h as

>Jn

Lh)= >

6,J15+,0n 20

i si j
@i gy, jn Ot © 07" 0 - 0 57" ().

Then E is an R-module whose multiplication is the appli-
cation of an operator in R to an element of F.

A nonzero element h € E is said to be hyperezponential
over K if the logarithmic derivative §(h)/h belongs to K for
all § € A. Hyperexponential functions are D-finite elements.
In fact, the submodule generated by several hyperexponen-
tial functions over R is the linear space spanned by them.
Two hyperexponential functions are said to be similar if
their ratio belongs to K.

4.1 Determining the existence

The next proposition allows one to determine the exis-
tence of parallel telescopers for hyperexponential functions.

Proposition 10. Let h € E be a hyperexponential function
over K. Then ann(h) N k(t)(D:) # {0} if and only if the
logarithmic derivative of h with respect to t is of the form

@ +r  for somep € k(x)[t] and T € k(t).  (8)
Proof. Assume that d:(h)/h is of the form (8). Since p
is a polynomial in ¢ over k(x), there exists a nonzero
operator L in k(t)(D;) annihilating p. It is easy to verify
that (D¢ — r)(h/p) = 0. Therefore, h is annihilated by
a nonzero operator in k(¢)(D;). Such an operator is the
tensor product (cf. [32, Corollary 2.19, Definition 2.20]) of L
and Dy — 7.

Conversely, assume that there exists a nonzero element L
in ann(h) N k(t)(D¢). Then d+(h)/h is a rational solution of
the Riccati equation associated to L, although it does not
have to be in k(t). By formula (4.3) in [32, page 107],

5:(h) _ 8i(P) R
noop 9t

where P, @, R and S are polynomials in ¢ over the algebraic
closure of k(x), the roots of S are singular points of L, and
the roots of P are nonsingular ones (see also [6, Theorem 1]).
Moreover, one can assume that deg,(R) < deg,(S) and
that S is monic. Since the singular points of L are in k, the
coefficients of S are in k as well. Following the algorithm for
computing rational solutions of Riccati equations described
in [6, §4.3] or [32, Exercise 4.10], we see that R belongs
to k[t]. The same conclusion holds for @ by the algorithm
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in [6, §4.2], as Q is constructed by analyzing the pole of the
associated Riccati equation at infinity. Set r = Q + R/S,
which belongs to k(t), and set s = §;(h)/h — r, which is
in k(t,x) and equal to 6:(P)/P. Thus, the linear differential
equation &¢(Y) = sY has a polynomial solution P. Since s
belongs to k(t,x), the equation must have a polynomial
solution p in k(x)[t], which implies that §;(p)/p = s. Then,
the logarithmic derivative d,(h)/h is of the form (8). m

One can decide if the logarithmic derivative d;(h)/h in
Proposition 10 is of the form (8) by computing its squarefree
partial fraction decomposition with respect to t. A more
efficient way is to apply Algorithm WeakNormalizer in [7,
§6.1] to d¢(h)/h, which delivers a polynomial p in k(x)[t]
such that the difference of &;(h)/h and &:(p)/p belongs
to k(t) if and only if d;(h)/h is of the form (8).

Let hi,...,h, be hyperexponential functions. Then hq,
..., hy have a parallel telescoper with respect to x if and
only if, for every pair 4,5 with 1 < ¢ < j < n, there exists a
nonzero operator P; ; € k(t)(D;) such that

P j (Di(h;) = Dj(hi)) = 0. 9)

This is because the least common left multiple of the F; ;
can be taken as the operator P in (7) of Theorem 9. For
each pair (hi, hj), there are three cases to be considered: (i)
If Di(h;) = Dj(hi), then set P;; = 1. (ii) If h; is similar
to hj, then the difference D;(h;) — D;(h;) is hyperexponen-
tial. So we can find P;; by Proposition 10. (iii) If h; is
not similar to hj, then (9) implies that both P; ;(D;(h;))
and P; ;(D;(hi)) are equal to zero. Proposition 10 is also
applicable to the last case.

Example 11. Consider the hyperexponential functions
_ t(wy +t+t2u) ((t+1) 24z o+t (21 —1))u—ta;
u(t +z1)vE’ u(t + 22)V/t ’
where u :=t 4+ x1 + x2. A direct calculation yields
h:= Da(h1) — Di(hs) = —1/V/t

The logarithmic derivative of h in t belongs to k(t). Then
P :=2tD; + 1 is the operator in k(D) such that P(h) = 0.
So h1 and ha have a parallel telescoper with respect to x1
and x2 by Proposition 10.

4.2 Computing minimal parallel telescopers

This subsection is devoted to computing minimal parallel
telescopers. First, we present a recursive algorithm, named
ParaTele, for hyperexponential functions that are both com-
patible and similar. Next, we show that the algorithm can
be easily adapted to compute minimal parallel telescopers
for merely compatible hyperexponential functions.

Algorithm ParaTele: Given compatible functions r1h, ...,
rnh, where h is hyperexponential over K and ri, ..., T,
are rational functions in K, compute a minimal parallel
telescoper L(t, Dy) for rih,...,r,h with respect to x and
a certificate g of L.

1. Compute a minimal telescoper L., for r,h with certifi-
cate g, by the algorithms in [1, 5].

2. If n =1, then return (Lx, gn); otherwise, set

fi := Di(gn) — Ln(rih) fori=1,...,n— 1.



3. Run ParaTele for functions fi,..., fn_1 to get (L, ),
where L is of minimal order and § is in the submodule

generated by f;’s over k(t,z1,...,2n—1)(D1,..., Dn_1).
4. Return L := LL, and g := L(gn) — §-.
Note that some of the rational functions r1, ..., 7, in

Algorithm ParaTele may be equal to zero. So the input
consists of either zero or similar hyperexponential functions.
This guarantees that the recursion in step 3 can be executed.

It follows from the proof of Lemma 8 that Algorithm
ParaTele always computes a parallel telescoper. Its mini-
mality will be proved in Proposition 13. To this end, we
need a lemma that plays a similar role for hyperexponential
functions as Lemma 4 for D-finite ones.

Recall that x,, stands for (z1,...,2m) and R, for the
subring k(t, Xm)(D¢, D1, ..., D), where m =1,...,n.

Lemma 12. Let hi,...,hm be hyperexponential elements
of E. Assume that, for all i with 1 <i <m,

Let N and N,, be the submodule generated by hi, ..., hm
over R and R,,, respectively. If there exists a nonzero
operator T € k(t)(Dy) and a € N such that

T(h;) = Di(a) for all i with 1 <i <m,
then there exists b € N, such that
T'(h:) = D;i(b) for all i with 1 <i <m.

In other words, T is a parallel telescoper for hi, ..., hm
with respect to X, .

Proof. Without loss of generality, assume that {hi,...,h¢}
is a maximal linearly-independent subset of {hi,...,hmn}
over K. Then a = ZZ ajh; for some a; € K, because N

j=1
is the linear space spanned by hi, ..., hy over K. Hence,

14

L
T'(hi) = ZDi(ajhj) =Y (0ilay) +agriy) by, (11)

Jj=1

where r; ; stands for the logarithmic derivative d6;(h;)/h;
and ¢ ranges from 1 to m. Then there exist s; € {1,...,¢}
and w; s, € k(t,Xm) such that

T(hl) = wi,sihsi for all 7 € {1, . ,m}‘

In fact, s; can be any integer between 1 and ¢ and w;,s; must
be zero if T'(h;) = 0; and s; is unique if 7'(h;) is nonzero by
Proposition 4.1 in [19]. Thus, (11) can be rewritten as

4
wishs =Y (8i(az) + agrig) hy.

Jj=1

By the linear independence of hi, ..
equivalent to

<y hg, T(hz) = DZ(CL) is

Ji(asi) + AsTi,s; = Wi,s;,
(12)
0i(aj) + ajri; =0 for ye{l1,...,m} with j#s;.

Let Emt1,y - -+, &n € k besuch that by = a;(Xm, Em+1,---En)
is well-defined for all 4 with 1 <4 < ¢. Then (12) still holds
if we replace a; by b; for ¢ =1, ..., m. This is because the
substitution of &n41, ..., & for Tm41, ..., T, commutes
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with §; for all ¢ with 1 <4 < m; and because both w; s, and
the 7; ;’s are free of Tm+1, ..., Tn by (10).

Set b= 327_, bjh;, which is in Ny,. It follows from (12)
that T'(h;) = D;(b) for all i with 1 <i<m. =

We now prove the correctness of Algorithm ParaTele.

Proposition 13. Let h € E be hyperexponential over K
and ri,...,rn € K. If rih,...,rnh are compatible, then
Algorithm ParaTele computes a minimal parallel telescoper
for rih, ... roh with respect to x.

Proof. The proof is based on induction on the number n of
functions. Set f; = r;h for i = 1, ..., n. Note that L,
and g, obtained from step 1 can be identified with the
telescoper and certificate in (3), respectively, because the
R-submodule generated by fi, ..., fn is equal to that
generated by h. Consequently, Algorithm ParaTele is just
an algorithmic formulation of the proof of Lemma 8 with an
additional assumption that L is a minimal parallel telescoper
for fi,..., fn—1 withrespect to x,,—1. The conclusions made
in the proof of Lemma 8 remain valid. In particular, L L, is
a parallel telescoper for f1, ..., f, with respect to x.

It remains to prove that LL,, is of minimal order. Assume
that P € k(t)(D;) is a parallel telescoper for f1, ..., f, with
respect to x. Then P(f;) = D;(w) for all ¢ with 1 <i <mn
and for some w in the submodule generated by fi, ..., fn
over R. In particular, P is a telescoper for f, with respect
to xn. Thus, P = QL for some Q € k(t)(D:). Applying Q
to fl, ey fn_l yields

Q(fi) = QDi(gn) — P(fi) = Di(Q(gn) — w) (13)
for all 4 with 1 < ¢ < mn — 1. By (5) in the proof of
Lemma 8, D, (fi) =0 for all i with 1 <4 <n — 1. So Lem-
ma 12 implies that @ is a parallel telescoper for fl, e fn—g
with respect to x,—1. Thus, @Q is a left multiple of L
obtained in step 3, because L is a minimal parallel telescoper

for f1,..., fn—1. So P is a left multiple of the product LL.
Thus, LL, is of minimal order. m

Example 14. Let hi,hs and P be the same as in FExam-
ple 11. Then Hy := P(hy) and Hz := P(hg) are compatible
hyperexponential functions. Applying any telescoping algo-
rithm in [1, 5] to Hy yields a minimal telescoper

Ly := 4D} — 8tD; +5

for Hy satisfying L1(H1) = D1(G1) for some hyperexponen-
tial function Gy over k(t,x1,x2). Set Ho=L(Hy)—D2(G1).
Then L = LoLy := 8t3 D} —12t°> D} +18tD; —15 is a minimal
parallel telescoper for Hi and Ha with respect to x1 and 2.
Example 15. Let hy = 4z1h/x2 and he = (xf — t2)h/x§,
where h = exp (—(x7 — t*)?/23) . An easy calculation shows
that h1 and ha are compatible and similar. Applying ParaTele
to h1 and he yields L(h;) = D;(g) fori = 1,2, where L = Dy
and g = —4th/zo. Using this telescoping relation to evaluate
the parametric line integral

(w1,22)
F(t7x17m2) :/
(0,1)
we find that Dy(F) = g(t,z1,2z2) — g(¢,0,1). It follows that

t
F(tyxlyl"z):/ g(tyxlyfﬂz)dt*/

—0o0 —o0

h1 (t, T, ZIJQ) dIl + hg(t, T, .’EQ) dZIJQ,

t

g(t,0,1)dt + ¢,



where ¢ is a constant with respect to Di. One can easily
show that ¢ is actually equal to zero by the facts D;(F)=h;
and hi(—00,0,1) =0 fori=1,2.

One can find more details, a Maple implementation of
our algorithm and examples for parallel telescopers and
parametric line integrals at

http://mmrc.iss.ac.cn/"zmli/ParaTele.html.

Let us consider how to compute a minimal telescoper
for compatible hyperexponential functions fi,..., fn. For
simplicity, we assume that f1, ..., fm and fi+1, ..., fn form
two distinct equivalence classes modulo similarity. The same
idea applies to the case, in which there are more than two
equivalence classes. Since f; and f; are not similar for all ¢
with 1 <7 < m and j with m+1 < j < n, the compatibility
condition D;(f;) = D;(f;) implies that D;(f;)=D,(f:)=0.
Let P be a minimal telescoper for fi, ..., fm over Xm,
and @ a minimal one for f,,41, ..., fn With respect to Xy, +1,

..y Tn. Then P(f;) = Di(g) for all i with 1 < i < m

and for some g in the submodule generated by fi, ..., fm
over R, and Q(f;) = D;(h) for all j with m+1<j<n and
for some h in the submodule generated by fr+1, ..., fn

over k(t,Tm+1,...,2Zn){(Dt, Dm+1,...,Dyn). In particular,
we have D;(h) = D;(g) = 0 for all 7 with 1 < ¢ < m and j
withm+1<j<n.

Set L to be the least common left multiple of P and Q.
Then there exist U,V € k(t)(D;) such that L =UP =V Q.
A straightforward calculation implies that L is a parallel
telescoper for fi, ..., fn with respect to x. A certificate
of Lis U(g) + V(h). Let L' be a parallel telescoper for fi,

.., fn with respect to x. By Lemma 12, L’ is a parallel
telescoper for both fi, ..., fm with respect to x,, and fy,41,

.., fn with respect to Tm+1, ..., Tn. So it is a common left
multiple of P and ). Consequently, it is a left multiple of L.
We conclude that L is a minimal telescoper for fi, ..., fn
with respect to x.

To construct a parallel telescoper for hyperexponential
functions fi, ..., fn that are not necessarily compatible with
respect to x, we compute a nonzero operator P € k(t)(Dy)
such that (7) holds. Then P(f1), ..., P(fn) are compatible
with respect to x. Let L be a parallel telescoper for P(f1),
..., P(fn). Then LP is a parallel telescoper for fi, ..., fn.
But LP is not necessarily of minimal order.

S. PARAMETERIZED PICARD-VESSIOT
THEORY

A generalized differential Galois theory having differential
algebraic groups (as in [16]) as Galois groups was initiated
in [18]. The parameterized Picard—Vessiot theory considered
in [9] is a special case of the above generalized differential
Galois theory and studies symmetry groups of the solutions
of linear differential equations whose coefficients contain
parameters. In this section, we show the connection of
parallel telescoping with this parameterized theory.

Let F', containing k(t) as a subfield, be a differentially
closed field of characteristic zero, i.e., any consistent dif-
ferential system with coefficients in F' has solutions in F.
Let F(x) be the field of rational functions in x. As before, A
stands for the set {d¢,01,...,0,} of derivations. In the
following, gl, (%) (resp. GL,(*)) denotes the set of n x n
matrices (resp. invertible matrices) with entries in .
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Let E be a differential field extension of F(x). For a
subset A C A, an element ¢ € E is called a A-constant
if A(¢) = 0 for all A € A. The set of all A-constants forms
a subfield of F, which is denoted by C4. Consider the
differential system

Di(Y) =AY, ..., D,(Y) =AY, (14)

where A; € gl (F(x)), the set of n X n matrices with entries
in F(x), such that

DZ(AJ) — DJ(AZ) = AZAJ — AJAZ

As in the classical Galois theory, we now define the “splitting
field” for the system (14).

Definition 16. A parameterized Picard—Vessiot extension
of F(x) (PPV-extension of F(x)) for the system (14) is a
A-field extension E of F(x) satisfying

(a) There exists a matriz Z € GL,(FE) such that D;(Z) =
A;Z foralli=1,...,n and E is generated as a A-field
over F(x) by the entries of Z.

(b) C=Cppy =F for A={01,...,6,}.

The parameterized Picard—Vessiot group (PPV-group) as-
sociated with the PPV-extension E of F(x) is the group

Gala(E/F(x)) = {0 € Autpx) (E) | 06 = do for 6 € A}.

The existence of PPV-extensions for parameterized differ-
ential systems has been established in [9, Thm 9.5 (1)] under
the assumption that F is differentially closed. Recently,
this existence result has been improved so that one only
needs F' to be algebraically closed [33] and under weaker
closure conditions in [12]. In the classical Galois theory, the
Galois group of an algebraic equation is a subgroup of the
permutation group. In the non-parameterized differential
case, the Galois group of a linear differential system is a
linear algebraic group, i.e., a group of n X n matrices whose
entries are elements in the field of constants satisfying cer-
tain polynomial equations. The PPV-group associated with
a PPV-extension of F(x) is a linear differential algebraic
group, i.e., a group of m X n matrices whose entries are
elements in F satisfying certain differential equations [9,
Theorem 9.5 (2)].

Example 17 (Example 3.1 in [9]). Consider the equation
D.(Y) = é Y.
The PPV-extension for this equation is the {0+, 04 }-field,
generated by the element z = z*, i.e.,
E 2 F(2)(2,0.(2),0:(2),...) = F(z,z", log(z)).
The corresponding PPV-group is as follows:

Gala(E/F(2)) = {a € F | a#0 and 6 (M) o},

As a corollary of the general Galois correspondence [9,
Theorem 9.5], the following lemma will be used frequently
in the rest of this section.

Lemma 18. Let E be a PPV-extension of F(x) for some
parameterized differential system and let Gala(E/F(x)) be
the associated PPV-group. Then the set

{feFE|o(f)=fforaloec Gaa(E/F(x))}
coincides with the field F(x).



5.1 Galois groups of first-order systems

Unlike the usual Picard—Vessiot theory where we have
a complete algorithm to compute the Galois group of a
given linear differential equation over the field of rational
functions [14], we have only partial algorithmic results for
the PPV-theory. Algorithms for first and second order
parameterized equations over F'(x), where n = 1, appear
in [2, 10]. An algorithm to determine if a parameterized
equation of arbitrary order has a unipotent PPV-group (or
even certain kinds of extensions of such a group) as well
as an algorithm to compute the group appears in [25]. An
algorithm to determine if a parameterized equation has a
reductive PPV-group and compute it if it does appears
in [24].

We now show how one determines the PPV-group of a
first-order differential system of the form

Di(Y)=fi, ..., Du(Y) = fn, (15)

where fi,..., fn € F(x) are compatible rational functions
with respect to x. Let E be the PPV-extension of F(x)
and let z € E be a solution of the system (15). For
every 0 € Gala(E/F(x)), o(z) is still a solution of the
system (15). Then o(z)=z+c, for some ¢, € C5 = F
with A = {61,...,0,}. By fixing a solution z, we get
a representation of the PPV-group Gala(E/F(x)) as a
subgroup of the additive group (F,+). The differential
subgroups of (F,+) have been classified by Cassidy |8,
Lemma 11] and Sit [30, Theorem 1.3, p.647]. That is, any
subgroup G of (F,+) is of the form {a € F | L(t,D;)(a) =
0}, where L is a linear differential operator in F'(D;). We
call L the defining operator for G.

Lemma 19. If the coefficients fi,..., fn of the system (15)
are in k(t)(x), then the defining operator L for its corre-
sponding PPV-group is in k(t)(D).

Proof. As noted above the PPV-group G can be iden-
tified with the set of solutions of an equation of the
form L(y)=0 where L € F(D;). To see that this group
is actually defined over k(t), note that k(t,x) is a purely
transcendental extension of k(t) and so k(t) is algebraically
closed in k(t,x). Furthermore, A consists of independent
derivations over k(¢,x). Remark 2.9.2 and Theorem 2.8
of [12] imply that a parameterized Picard-Vessiot extension
exists for our equations and Lemma 8.2 of [12] implies that
the parameterized Picard-Vessiot group is defined over k(t).
Finally [30, Theorem 1.3, p.647] implies that this group is
defined as claimed above. =

Now we present the main result of this section that the
problem of determining the PPV-group of the system (15)
with coefficients in k(, x) is equivalent to that of computing
a minimal parallel telescoper for its coefficients.

Theorem 20. Let fi,...,fn be the coefficients of the
system (15) such that they are in k(t,x) and compatible with
respect to x. Then L € k(t)(D:) is the defining operator
for the PPV-group of the system (15) if and only if L is a
minimal parallel telescoper for fi,..., fn with respect to x.

Proof. Let L be the defining operator for the PPV-group G
of the system (15). By Lemma 19, L is in k(¢)(D¢). We claim
that L is a parallel telescoper for fi,. .., fn with respect to x.
Let z € E be a solution of (15). Then, for any o € G, 0(z) =
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z+ ¢, where ¢, € F' is such that E(cc) = 0. For any o € G,
o(L(z)) = L(o(2)) = L(z 4+ co) = L(z) + L(co) = L(2).
Then § := L(z) € F(x) by Lemma 18. Since L commutes
with D; foralli=1,...,n,

L(Di(z)) = L(f:) = Di(). (16)
(

We now show that we can choose § € k(t,x) (and so L will
be a parallel telescoper with g € k(t,x)). Since the f; are
in k(t, x), equations (16) imply that D;(g) belongs to k(t, x).
Expanding g in partial fractions with respect to x,, and using
induction, one sees that there is an element ¢ € F' such
that g — ¢ € k(t,x). Now let L € k(t)(D¢) be a minimal
parallel telescoper for f1,..., f, with respect to x. Then, we
have that L divides L. To complete the proof, it remains to
show that L divides L. It suffices to prove that L(c,) = 0 for
any o € G. Since L(f;) = Di(g) for some g € k(t,x) C F(x),

Di(L(2) — g) = L(Di(2)) — Di(g) = L(fi) — Di(g) = 0.

Therefore L(z) —g € F and so L(z) € F(x). For any o € G,
L(z) = o(L(2)) = L(o(2)) = L(z + ¢5) = L(2) + L(co).
Then L(cs) =0. =

Example 21. Consider the differential system

Di(Y) = fi, DoY) = fa, (17)
where f1, f2 € k(t,z1,22) are as follows:
h= t f_ta:2+t2+x1+x2+t
Yottt T (@it a ) (w2t t)

It is easy to check that D2(f1) = D1(f2). Applying ParaTele
to f1 and fo yields L(f;) = Di(g) fori = 1,2, where L=D3.
Then the corresponding PPV-group of system (17) is as
follows: Gala(E/F(x)) = {a € F |6;(a) =0}.

5.2 An inverse problem

As in the classical Galois theory, a natural question
that arises is the inverse problem: Which groups occur as
Galois groups over a given field? In [9, Example 7.1],
the authors consider a A-field F(z), where A = {0;,d.}
and F is a {6 }-differentially closed field. They show that
the additive group (F,+) cannot be the Galois group of
a parameterized Picard—Vessiot extension of this field. In
the rest of this section, we show a similar result for fields
of rational functions in several variables (for other results
concerning the inverse problem, see [11, 24, 25, 26, 29]).
The key tool will be the fact that parallel telescopers always
exist for compatible rational functions. Let us first recall a
lemma, which is an easy corollary of Theorem 4 of Chapter
VIL.3 in [16].

Lemma 22. If G is the PPV-group of a PPV-extension E
of F(x), then E = F(x)(z)a, satisfying for any o € G

o(z) =z + co withco € F.

Theorem 23. The additive group G = (F,+) is not the
PPV-group of a PPV-extension of F(x).

Proof. We argue by contradiction. Assume that G is the
PPV-group of some PPV-extension E of F(x). Then
Lemma 22 implies that D;(z) = f; with f; € F(x) for
all i = 1, ..., n. Since D; and D; commute in F(x),
fi,..., fn are compatible. By Theorem 9, there exists L
in F(Dy) such that L(f;) = D;(g) for some g € F(x). By the



same argument as in the proof of Theorem 20, L(c,) = 0 for
all o € G. This implies that G C {c € F' | L(c) = 0} ¢ F,
which is a contradiction with G = F. =

6. REFERENCES

[1] G. Almkvist and D. Zeilberger. The method of
differentiating under the integral sign. J. Symbolic
Comput., 10:571-591, 1990.

[2] C. Arreche. Computing the differential Galois group of
a one-parameter family of second order linear
differential equations. Preprint, 2012. arXiv:1208.2226.

[3] J.-E. Bjork. Rings of differential operators.
North-Holland Mathematical Library, vol. 21,
North-Holland Pub. Co., Amsterdam-New York, 1979.

[4] A. Bostan, S. Chen, F. Chyzak, and Z. Li. Complexity
of creative telescoping for bivariate rational functions.
In Proc. ISSAC ’10, pages 203-210, ACM, 2010.

[5] A. Bostan, S. Chen, F. Chyzak, Z. Li, and G. Xin.
Hermite reduction and creative telescoping for
hyperexponential functions. In Proc. ISSAC ’13, pages
77-84, ACM, 2013.

[6] M. Bronstein. Linear ordinary differential equations:
breaking through the order 2 barrier. In Proc. ISSAC
’92, pages 4248, ACM, 1992.

[7] M. Bronstein. Symbolic Integration I: Transcendental
Functions, vol. 1 of Algorithms and Computation in
Mathematics. Springer-Verlag, Berlin, 2nd ed., 2005.

[8] P. J. Cassidy. Differential algebraic groups. Amer. J.
Math, 94:891-954, 1972.

[9] P. J. Cassidy and M. F. Singer. Galois theory of
parameterized differential equations and linear
differential algebraic groups. In Differential equations
and quantum groups, vol. 9 of IRMA Lect. Math.
Theor. Phys., 113-155. Eur. Math. Soc., Ziirich, 2007.

[10] T. Dreyfus. Computing the Galois group of some
parameterized linear differential equation of order two.
to appear in Proc. AMS, arXiv:1110.1053, 2011.

[11] T. Dreyfus. A density theorem for parameterized
differential Galois theory. To appear in Pacific Journal
of Mathematics, 2012. arXiv:1203.2904.

[12] H. Gillet, S. Gorchinskiy, and A. Ovchinnikov.
Parameterized Picard-Vessiot extensions and Atiyah
extensions. Adv. Math., 238:322-411, 2013.

[13] S. Gorchinskiy and A. Ovchinnikov. Isomonodromic
differential equations and differential categories. To
appear in J. Math. Pures Appl., arXiv:1202.0927, 2013.

[14] E. Hrushovski. Computing the Galois group of a linear
differential equation. In Differential Galois theory
(Bedlewo, 2001), volume 58 of Banach Center Publ.,
pages 97-138. Polish Acad. Sci., Warsaw, 2002.

[15] N. M. Katz and T. Oda. On the differentiation of de
Rham cohomology classes with respect to parameters.
J. Math. Kyoto Univ., 8:199-213, 1968.

[16] E. R. Kolchin. Differential algebraic groups, vol. 114 of
Pure and Applied Math. AP Inc., Orlando, FL, 1985.

[17] C. Koutschan. Creative telescoping for holonomic
functions. In Computer Algebra in Quantum Field
Theory: Integration, Summation and Special
Functions, Texts & Monographs in Symbolic
Computation, pages 171-194. Springer, Wien, 2013.

106

(18]

(19]

20]
(21]

(22]

23]

(24]

25]

[26]

27]

(28]

29]

(30]

(31]

32]

(33]

34]

35]

(36]

P. Landesman. Generalized differential Galois theory.
Trans. Amer. Math. Soc., 360(8):4441-4495, 2008.
Z. Li, M. Wu, and D. Zheng. Testing linear
dependence of hyperexponential elements. ACM
Commun. Comput. Algebra, 41(1-2):3-11, 2007.

L. M. Lipshitz. The diagonal of a D-finite power series
is D-finite. J. Algebra, 113(2):373-378, 1988.

L. M. Lipshitz. D-finite power series. J. Algebra,
122(2):353-373, 1989.

J. I Manin. Algebraic curves over fields with
differentiation. Izv. Akad. Nauk SSSR. Ser. Mat.,
22:737-756, 1958.

J. I. Manin. Rational points on algebraic curves over
function fields. Izv. Akad. Nauk SSSR Ser. Mat.,
27:1395-1440, 1963.

A. Minchenko, A. Ovchinnikov, and M. F. Singer.
Reductive linear differential algebraic groups and the
Galois groups of parameterized linear differential
equations. to appear in International Mathematics
Research Notices, 2013. arXiv:1304.2693.

A. Minchenko, A. Ovchinnikov, and M. F. Singer.
Unipotent differential algebraic groups as
parameterized differential Galois groups. To appear in
J. Inst. of Math. Jussieu, 2013. arXiv:1301.0092.

C. Mitschi and M. F. Singer. Monodromy groups of
parameterized linear differential equations with
regular singularities. Bull. Lond. Math. Soc.,
44(5):913-930, 2012.

M. Petkovsek, H. S. Wilf, and D. Zeilberger. A = B.
A. K. Peters Ltd., Wellesley, MA, 1996.

E. Picard. Sur les intégrales doubles de fonctions
rationnelles dont tous les résidus sont nuls. Bul. Sci.
Math., 26(sér. 2):143-152, 1902.

M. F. Singer. Linear algebraic groups as
parameterized Picard-Vessiot Galois groups. J.
Algebra, 373:153-161, 2013.

W. Y. Sit. Differential algebraic subgroups of SL(2)
and strong normality in simple extensions. Amer. J.
Math., 97(3):627-698, 1975.

R. P. Stanley. Differentiably finite power series.
European J. Combin., 1(2):175-188, 1980.

M. van der Put and M. F. Singer. Galois Theory of
Linear Differential Equations, volume 328 of
Grundlehren der Mathematischen Wissenschaften.
Springer-Verlag, Berlin, 2003.

M. Wibmer. Existence of d-parameterized
Picard—Vessiot extensions over fields with algebraically
closed constants. J. Algebra, 361:163-171, 2012.

H. S. Wilf and D. Zeilberger. An algorithmic proof
theory for hypergeometric (ordinary and “q”)
multisum/integral identities. Invent. Math.,
108(3):575-633, 1992.

D. Zeilberger. A holonomic systems approach to
special functions identities. J. Comput. Appl. Math.,
32:321-368, 1990.

D. Zeilberger. The method of creative telescoping. J.
Symbolic Comput., 11(3):195-204, 1991.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


