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1. Introduction

A system of linear ordinary differential equations with coefficients in C(t) can be transformed into
a first-order linear differential system

E z(t) = Az(t)
dt N

where A is a square matrix over C(t) of size, say n, and z(t) = (z((t), ..., z,(t))?, provided that
the original system has a finite-dimensional solution space. There is a one-to-one correspondence
between the solutions of these two systems. Consequently, the solution spaces of both systems have
dimension n over C. From Proposition 1.20 in van der Put and Singer (2003), this conclusion remains
true for systems over a differential field (F, &), provided that F is of characteristic zero and has an
algebraically closed field of constants.

Assume that F is a field endowed with an automorphism o, and that X' stands for a system of linear
homogeneous ordinary difference equations over F whose solution space is finite-dimensional over
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the constants. Like in the differential case, X' can be converted into a first-order system o (z) = Bz
where B is a square matrix over F of size, say n, and z is a column vector (zy, ..., z,)" of unknowns.
Unlike the differential case, if the coefficient matrix B is singular, the linear relations among its rows
allow us to transform the system further into a new one whose coefficient matrix has smaller size,
since ¢ is an automorphism. Doing this recursively yields a partition

{z1, ...,z =1, - Yat U Yagrs - -, Yl

adxdinvertible matrix P, and an (n—d) x d matrix Q such that the new system consists of a first-order
difference system

o1, .., ¥ =POn, ..., ¥d)", (1)
and n — d linear relations

(yd+17 ~~~5yn)‘[ = Q(y17 ”wyd)t'

There is a one-to-one correspondence between the solutions of X' and (1). By the construction
of Picard-Vessiot rings in van der Put and Singer (1997), the solution spaces of X and (1) have
dimension d, provided that F is of characteristic zero and has an algebraically closed field of constants.

Alinear functional system consists of linear partial differential, difference equations or any mixture
thereof. Such a system is said to be d-finite if its module of formal solutions is a finite-dimensional
vector space over the ground field (Bronstein et al., 2005). The dimension of this module is called the
linear dimension of the system, and corresponds to the dimension of its solution space. It is shown
in Bronstein et al. (2005) and Wu (2005) that a d-finite system is equivalent to a fully integrable
system, whose linear dimension equals the number of its unknowns. For fully integrable systems,
a factorization algorithm is developed in Li et al. (2006) and Wu and Li (2007), and a Galois theory is
presented in Hardouin and Singer (2008). These results motivate us to transform d-finite systems into
fully integrable ones.

A naive way to transform a od-finite system is to compute a Grobner basis of its corresponding
submodule over a Laurent-Ore algebra (see Wu, 2005 and Zhou and Winkler, 2008), and construct
the desired fully integrable system from the basis. As Laurent-Ore algebras are localizations of Ore
algebras, it is easier to compute Grobner bases in free modules over Ore algebras (see Cox et al., 2004,
Ch. 5, Chyzak and Salvy, 1998, Chyzak et al., 2004). This observation motivates us to transform 9d-
finite systems by the latter Grobner bases whenever possible. Moreover, we avoid computing Grébner
bases of any kind when transforming an integrable system, which is a common special case of linear
functional systems.

The contributions of this paper include: an algorithm for determining the reflexive closure of the
zero submodule of a finite-dimensional module over a noncommutative domain (see Section 3.2), and
an algorithm for transforming a d-finite system into a fully integrable one (see Section 5). The former
algorithm evolves from discussions with Manuel Bronstein and the algorithm LinearReduction in Wu
(2005, Section 2.5.2). It enables us to use linear algebras to transform an integrable system. The latter
algorithm uses the method in Chyzak et al. (2004) to compute a Grobner basis of the Ore submodule
defined by the input system. This Grobner basis tells us whether to use the former algorithm or to
compute a Grobner basis over Laurent-Ore algebras. Indeed, we have only one artificial example (see
Example 33), for which a Grébner basis over some Laurent-Ore algebra has to be computed.

The rest of this paper is organized as follows. In Section 2, we recall how to localize modules over a
noncommutative domain, and introduce the notion of reflexive closures of submodules. An algorithm
is presented in Section 3 for computing a linear basis of the reflexive closure of the zero submodule
in a finite-dimensional module. We extend an equivalence relation among linear ordinary differential
(difference) equations to linear functional systems in Section 4, and describe in Section 5 a method
for transforming a linear functional system to its integrable connection, which is fully integrable and
equivalent to the given system. Our results are summarized in Section 6.

Throughout this paper, rings are not necessarily commutative, while fields are always commuta-
tive. An (integral) domain is a ring without zero-divisors. All modules, vector spaces and ideals are
left ones, unless mentioned otherwise. Vectors are denoted by the boldfaced letters u, v, w, etc., and
vectors of unknowns by X, y, z, etc. The notation (-)* stands for the transpose of a vector or matrix.
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2. Localizations and reflexive submodules

In this section, we recall a standard way to localize a module over a noncommutative domain by
a left Ore set described in Cohn (1985, Section 0.9) or Rowen (1988, Section 3.1). The localizations
help us to describe the transformation algorithm concisely. We define the notion of reflexive closures,
which enables us to get information about localizations.

Let R be a (noncommutative) domain, and denote R\ {0} by R*, which is a monoid. A submonoid T
of R* is called a left Ore set of Rif Rt N Tr # @ forallt € T andr € R*.If t; and t; are in a left Ore
set T, then Rt; N Tt, contains an element ¢ such that t = rjt; = t;t, forsomer; € Randt, € T.Sot is
in T. We say that t is a common left multiple of t; and ¢, in T. An easy induction implies that a finite
number of elements in T have a common left multiple in T.

Let M be a module over R. The (left) localization of M at T is defined to be

T-M={t"v|teT, ve M}.

Two elements tl_lvl and tz_lvz in the localization are equal if there exist r{, r, € R* such that rit; =
rty € T and rivy = vy in M.

For any two elements t; vy, t,"'v, € T™'M with t;, t; € T and vy, v, € M, their sum is defined
as:

b7V 4 e = (v 1),
where t is a common left multiple of t; and t; in T, and t = r;t; withr; € Rfori =1, 2.

Observe that, fort € T and r € R, there exist 1’ € Rand t’ € T such that r't = t'r. So we define
the left-hand scalar multiplication as:

r(t'v) = (t’)_1 r'v forallv e M.

Equipped with these two operations, T~'M becomes a left module over R.
Take M to be the ring R itself. For t]’]ﬁ, tz’lrz e T"'Rwithty, t; € Tand rq, 1, € R, we define the

product of t; 'ry and £, 'r; as
(t7'r1) (& 'r2) = (tst)) " 'rsr, where t3r1 = r3t; for some t3 € T and 3 € R.

Then the left R-module T~ 'R becomes a domain.

The reader is referred to Fu et al. (2009) for a detailed account that verifies the above three
operations are well-defined. Elementary constructions of T~'R and T~'M are also presented and
verified in Rowen (1988, Section 3.1).

The following examples will be frequently used in the sequel.

Example 1. Let R be a commutative domain and T a submonoid of R*. Then T is an Ore set, and the
(left) localization T~ 'R of R coincides with the usual localization defined in commutative algebra.

Example 2. Let F be a field and o an automorphism of F. The ring of shift operators with respect to o
is denoted by R = F[0; o], whose commutation rule is d f = o (f)d for all f € F. Let T be the monoid
generated by 9, which is a left Ore set of R. The localization T~' (F[3; ¢']) is the ring F[3, 8] defined
in van der Put and Singer (1997).

Example 3. Let F be a field, §4, . .., §; be derivations on F, and oy, 1, . . ., o, be automorphisms of F.
Assume that all these maps commute pairwise. According to Chyzak and Salvy (1998), the ring of Ore
polynomials over F is F[d1, ..., d¢, ¢+1, - - - , O] endowed with the following commutation rules:

(i) 0;0; = 9j0; foralli,jwith1 <i<j<m;

(ii) of = fo; + 8;(f) foralliwith1 <i < fandf € F; and
(iii) 9f = oj(f)0; foralljwith£ +1 <j<mandf €F.
Let T be the monoid generated by 941, ..., dn. Then T is a left Ore set by rules (i) and (iii). The
localization T~ 'R is the Laurent-Ore algebra

F[a]a e a({a a(f-l—‘l’ agi:‘l’ ceey amv 8;1_11]

defined in Bronstein et al. (2005).
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The canonical R-homomorphism ¢ from M to T~'M maps v to 1~ 'v. It is straightforward to
see that ker(¢) = {v € M|tv = 0 forsomet € T}. This observation motivates us to borrow a
terminology from Cohn (1965).

Definition 4. Let R be a domain, T a left Ore set of R and M a module over R. A submodule N of M is
said to be reflexive (with respect to T) if tv € N impliesv € N forevery t € T and v € M. The reflexive
closure of a submodule N, denoted N, is the intersection of all reflexive submodules containing N.

Since the intersection of reflexive submodules is again reflexive, the reflexive closure of a
submodule N is the smallest reflexive submodule containing N.

Example 5. Let R and T be given in Example 2. The submodule R(d? + 9) is not reflexive, because it
does not contain d + 1. Its reflexive closure is the submodule R(d + 1).

We call the submodule {0} of an R-module M the zero submodule of M and denote it by 0y. A set-
theoretic characterization of reflexive closures is given in

Proposition 6. Let R be a domain and T a left Qre set of R. If N is a submodule of an R-module M, then
N ={ve M|3t € T, tv € N}. In particular, Oy is the kernel of the canonical homomorphism from M
toT~'M.

Proof. Let N’ = {v € M |3t € T, tv € N}. It is a submodule because it equals the kernel of the
composition of the canonical homomorphisms M — M/N — T~1'(M/N) sending v to 1~ (v + N).
Clearly, N’ is reflexive by Definition 4. Thus, N = N’ because N’ is a subset of every reflexive submodule
containing N. O

It follows from Proposition 6 that
Oun ={v+N |3t €T, t(v+N) =0} = {v+N|3t T, tve N}=N/N,
which leads to

Corollary 7. With the notation introduced in Proposition 6, we have 6M /N = ﬁ/N. In particular, N is
reflexive if and only if Oy is reflexive.

The above corollary enables us to characterize reflexive submodules by their quotients.

Corollary 8. With the notation introduced in Proposition 6, we have that N is reflexive if and only if N
contains a submodule L such that N /L is reflexive in M /L.

Proof. Let M’ = M/L and N’ = N/L. Then M/N and M'/N’" are isomorphic. Therefore, Oy is
reflexive if and only if Oy n is reflexive. Consequently, N is reflexive if and only if N’ is reflexive
by Corollary 7. O

Remark 9. Since the ring T~'R is a bi-module over R, T"'R ®k M is well-defined, and isomorphic
to T~'M canonically by the discussion on page 47 of Cohn (1985) (see also Fu et al. (2009, Section 5)).
Therefore, T~'M is a module over T~'R. Let N be a submodule of M. Itis clear that y : T™'N — T~'M
defined by t~'v > t~'vforallt € T and v € N is a monomorphism, which, together with the right
exactness of ®g, implies that T~'(M/N) and (T~'M)/(T~'N) are isomorphic.

3. Finite-dimensional modules and their localizations

In this section, we assume that R is a domain containing a field F. Then a module over R is also a
vector space over F. An R-module M is said to be finite-dimensional if dimg M is finite.

Let T be a left Ore set of R. Assume further that, for every t € T, there exists an automorphism o;
of F such that

tf = o, (f)t forallf eF. (2)

Typical examples for such domains are Ore algebras over F (see Examples 2 and 3).

Under these assumptions, we describe a relation between the dimension of M and that of T~!M
in Section 3.1, and present an algorithm for computing an F-basis of T~!M by solving linear systems
over F in Section 3.2.
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3.1. Dimensions and bases

For two elements a, b € Z U {400}, by a = b we mean eithera, b € Z and a = b, or botha = 400
and b = +o0.
Lemma 10. For an R-module L, dimg L/ﬁL = dimg T7'L, and L/aL is R-isomorphic to T~'L whenever
either one is finite-dimensional.
Proof. We claim that dimg L > dimp T~'L. Suppose that t; vy, ..., t,”'v, are linearly independent
over F, wherev; € Landt; € T foralliwith1 < i < n.Sett to be a common left multiple
of ty,...,t, in T.Then t = r;t; for some r; € R. Suppose that ZL]ﬁrl-vi = 0in L with f; € F. Then
0=t L firvi) = YLt 1(firwy) in T7'L. By (2), to, ' (fi) = fit. So the scalar multiplication
of T~'L by R implies that

e (v = o ) (07T (i) = o () (57 w)

for each i. Hence Y ! oy '(f) (t7'v{) = 0, which implies i = 0 foralliwith1 < i < n.

Hence, ryvy, ..., ryV, are linearly independent over F. The claim is proved.
Let ¢ be the canonical homomorphism from L to T~ 1. By Proposition 6, L/OL and ¢(L) are
isomorRhlc Thus dimg L/0; cannot exceed dimp T~'L. On the other hand, T-1L = T-1(¢(L)) =

~1(L/0.). Note that T~ (¢ (L)) is the localization of the R-submodule ¢ (L) of T~'L, in which the action
is deﬁned ast_'(17'v) = t"'vforanyt € Tandv € L.By the claim, T~ (L/0y) has dimension no more
than dimg L/OL So dimg T~ 'L cannot exceed dimg L/OL either. Consequently, dimg L/OL =dimp T~ 1L

The rest follows from the above equality and the observation that the canonical injection from L/ 0,
to T~!(L/0;) is an R-isomorphism if either dimg L/0; or dimp T~ 'L is finite. O

By Lemma 10, we have that dimgL > dimp T~ 'L It is possible that dimyL is infinite,
while dimg T~ 1L is finite.

Example 11. Let R = F[0dq, d,] be given in Example 3 with £ = 0 and m = 2. Then
T = {aflagz | di.d; € N}.
Let I be the (left) ideal of R generated by L; = 9;0,(d; + 1) and L, = 019,(d, + 1). Then
T'I=(T"'R)Li + (TT'R) L = (T'R) (31 + 1) + (T'R) (3, + D).
By Remark 9, T~! (R/I) = T~'R/T~I is a one-dimensional vector space over F. However, computing
a Grobner basis of I yields that R/I is infinite-dimensional over F.

R-modules are usually infinite-dimensional, while their quotient modules may be finite-
dimensional.

Corollary 12. Let M be an R-module and N a submodule of M. IfM/ﬁ is finite-dimensional, then the map
¢: M/N — T-'M/T"'N
V+N+—> Vv+T7'N
is an R-isomorphism.
Proof. By Corollary 7, (M/N)/ﬁM/N = (M/N)/(ﬁ/N) = M/ﬁ. Putting L = M/N, we see that ¢ is the
R-isomorphism induced by ¢ in the proof of Lemma 10. O

We are going to present some special properties of reflexive submodules in finite-dimensional
modules over R in order to develop an algorithm for computing F-bases of their localizations with
respecttoT.

Let M be an R-module with a finite F-basis by, ..., b,. For every t € T, there existsann x n
matrix A; over F such that

t(br,....,by)" =Ac(by, ..., by)"

We call A; the matrix associated with t and the F-basis by, ..., b,. When the basis is clear from
context, A; is simply called the matrix associated with t.
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Lemma 13. Let M be a finite-dimensional R-module. Then Oy is reflexive if and only if all the matrices
associated with t € T and an F-basis are invertible.

Proof. Letb,, ..., b, be an F-basis of M, and A; the matrix associated witht € T.Letv = Zlef,-bf S
M with f; € F. By (2),
tv= (o:(f1),...,00(f)) Ac(bq, ..., by)" forallt T. (3)

If A; is invertible for all t € T, then tv = 0 implies that o;(f;) = 0, and, hence, f; = 0 for all i
with 1 < i < n. Consequently, v = 0 and Oy is reflexive. Conversely, suppose that A; is singular
for some t € T. Since o; is an automorphism of F, there exist f1, ..., f, € F, not all zero, such that
the nonzero vector (o¢(f1), . . ., o¢(fy)) is in the left kernel of A.. By (3), the vector t (}_i, fb;) equals
zero. So Oy is not reflexive. O

For a finite-dimensional R-module M, determiningﬁM plays a key role in determining the reflexive
closure of any submodule of M, as described in the next proposition.

Proposition 14. Let M be a finite-dimensional R-module. Then

(i) all submodules of M are reflexive if and only if Oy is reflexive;
(ii) for every submodule N of M, N = N + Oy,.

Proof. Let N be a submodule of M and by, ..., by an F-basis of N. Extend this basis to an F-basis b,
..., bg, bgi1, ..., b, of M. Then the matrix associated with t € T and the extended basis is of the form

_ B[ 0
At_(C[ Dt)’

where B; and D; are d x d and (n — d) x (n — d) matrices over F, respectively. Assume that Oy is
reflexive. Then Lemma 13 implies that A; is invertible, and so is D¢, which is the matrix associated
with t and the F-basis bgy1 + N, ..., b, + N in M/N. By Lemma 13, Oy y is reflexive, and so is N by
Corollary 7. The first assertion holds. - R

For the second assertion, since N + Oy is a subset of N, it suffices to show that N+-0y is reflexive.
By Corollary 8, it suffices to prove that the quotient (N + Oy) /0y is a reflexive submodule in M /0.
By the first assertion, it is sufficient to show that the zero submodule of M /0y is reflexive, which is,
however, immediate from Corollary 7. O

Note that the assumption on finite dimensionality in Proposition 14 cannot be dropped. For instance,
the domain R in Example 2 is an R-module such that Oy is reflexive, but it contains non-reflexive
submodules. R

Proposition 14 (ii) indicates that, once we have an F-basis of 0y, an F-basis of the reflexive closure
of any submodule in M can be obtained easily.

3.2. Computing an F-basis of 6,\/,

Let Ry be the F-linear subspace spanned by T. By (2), Ry is closed under multiplication. So R is a
subring of R. The following lemma allows us to construct reflexive closures of R-submodules by Ry-
submodules.

Lemma 15. Assume that T is a left Ore set of both R and Ry. If M is an R-module and N is an R-submodule
of M, then N equals the intersection of all reflexive Ro-submodules (with respect to T ) containing N, that
is, N is also the reflexive closure of N regarded as an Ro-submodule.

Proof. Let N’ be the intersection of all reflexive Ro-submodules containing N. Then both N and N’ are
equalto {v € M | 3t € T such that tv € N} by Proposition 6 and the assumption that T is a left Ore
setof bothRand Rg. O

In the rest of this section, we assume that T is a left Ore set of both R and Ry, and is generated
by t1, ..., tp. Let M be an R-module with an F-basis by, ..., b,. Denote by A; the matrix associated
with t; for all i with 1 < i < p. Note that all the A; with t € T are invertible if and only if A4, ..., A,
are invertible. For brevity, the automorphism oy, in (2) is denoted by o;.
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Let U be a finite subset of M whose elements are given as linear combinations of by, ..., b, over F.
We can find an F-basis G of FU using Gaussian elimination. By (2), FU is an Ro-module if and only if t;G
is a subset of FU for alliwith 1 <i < p.

Assume that FU is not an Ry-submodule. We form

U =GU{tig|g <G, tig ¢ FU for someiwith1 <i < p}.

Then FU € FU' C RoU C M. Replacing U by U’ and repeating the above computation finitely many
times yields an F-basis of RqU, because M is finite-dimensional. This basis, together with by, ..., b,
and Ay, ..., Ap, allows us to construct an F-basis of M/RoU and the associated matrices. These
considerations lead to

Algorithm LinearBasis. Given an F-basis by, ..., b, of an R-module M, the associated matri-
ces Ay, ..., Ay, and a finite set U of nonzero elements of M, compute an F-basis of the Ro-module RyU,
an F-basis of the Ry-module M /(RyU) and the associated matrices with the latter basis.

The details of this algorithm are given in the Appendix.

An idea for computing an F-basis of 0y was outlined in terms of first-order matrix equations
by Dr. Manuel Bronstein during email discussions with us in May, 2005. Its correctness is proved
in Wu (2005, Section 2.5.2). We translate the idea into a module-theoretic language. If A4, ..., A, are
all invertible, then 6M = 0Oy by Lemma 13, and we are done. Otherwise, the nontrivial left kernel
of A; for some i with 1 < i < p leads to some nonzero elements in Oy. Let U be the set of all
the nonzero elements in Oy obtained from left-kernel computations. Then FU is contained in Op.
Applying Algorithm LinearBasis to U yields an F-basis of RyU, which is contained in 0);, and an F-
basis of M/(RoU) together with the associated matrices. We then apply the same idea to M/(RoU)
recursively.

We would like to attribute the following algorithm to M. Bronstein. Our proof of its correctness is
less involved than the one in Wu (2005, Section 2.5.2).

Bronstein’s Algorithm. Given an F-basis by, ..., b, of an R-module M with the associated
matrices Ay, . .., Ap, compute: (a) an F-basis of Oy; (b) an F-basis of M /Oy; (c) the matrices associated
with the basis in (b).

(1) [Recursive base] Whenn = 1,
(1.1) if none of the A; is zero, then return .
(@)d; (b)by; (c)Aq,...,Ay; [Inthis case, Oy = Op.]
(1.2) otherwise, return .
(a)by; (b)@; (c)@. [In this case, Oy = M.]
(2) [Compute left kernels] Fori = 1, ..., p, compute an F-basis W; of the left kernel of A;. If W; = ¢ for
alliwith 1 < i < p, then return R
(@)@; (b)by,...,by; (c)Aq,..., A, [Inthis case Oy = Op.]
(3) [Construct a nontrivial F-subspace in 6M] Suppose that W;,, ..., W, are nonempty sets among all
the Wy’s, where {i1, ...,i;} C {1,...,p}and 1 <s < p.
(3.1) Represent W; as a |W;| x n matrix P; forj =iy, ..., i.
(3.2) Set U to be the set of nonzero elements in the column vectors
o '(P)(by, ... . by)" forj=iy,....i.
(4) [Construct a nontrivial Ro-submodule in 6M] Call Algorithm LinearBasis to compute an F-
basisuy, ..., uq of RyU, and an F-basis

Ug1 +RoU, ..., u; + RoU

of M/(RoU) with associated matrices By, ..., Bp. If ¢ = n, then return
(Q)by,...,by; (b)@; (c)@. [In this case 6,\,, = M.]
(5) [Recursion] Apply Bronstein’s algorithm to the quotient module M /(RoU) recursively to find:
(5.1) F-linearly independent elements vy, ..., v, in M such that
\'A1 +ROU,...,Vr+ROU
form an F-basis of the reflexive closure H of the zero submodule of M/(RoU);
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(5.2) F-linearly independent elements wy, . .., wy in M such that
(W] +ROU)+H,,(Wd+ROU)+H

form an F-basis of (M/(RoU)) /H; and

(5.3) the matrices By, ..., By associated with the latter basis.
[Note thatr + d = dimg M/(RoU) = n — q.]

(6) Return .

(a) uq, . coUg Vi,V [an F-basis of 0] R

(b) wy 4 Oy, ..., Wy + Oy [an F-basis of M /0y ]

(c) B, ..., Bp. [matrices associated with the basis in (b)]

The above algorithm terminates evidently. To prove its correctness, we remark that 6,\,, is also the
reflexive closure of the zero submodule over Ry by Lemma 15.

Step 1.1 is correct by Lemma 13. Step 1.2 is correct, because there exists some iwith1 <i < p
such that ;M = 0. If all the left kernels of Ay, ..., A, are trivial, so is Oy by Lemma 13. Hence, the
algorithm is correct if it stops in Step 2.

Suppose now that (w1, ..., wy) is anonzero vector in the left kernel of A; for some iwith1 <i < p.
Thenw = Z;':I oi_l (wj)b; € Oy by a direct verification. Hence, U obtained in Step 3.2 is a nonempty

subset of Oy. If dimg RyU = n, then O = M. The algorithm is correct if itstopsinStep4.
Inductively, we assume that Step 5 is correct. Since 0yy C RoU C 0y, Oy is equal to RoU. By
Corollary 7,

H :6M/(R0U) = RoU/RoU = Oy /(RoU). (4)
Hence, uy, ..., ug, vy, ..., v, form an F-basis ofﬁM. Moreover, (4) implies
(M/(RoU)) /H = (M/(RoU)) / (Ont/(RoU)) = M /Oy

So wy +6M, L, Wy +6M form an F-basis ofM/ﬁm. The correctness is proved.
Some byproducts of the above algorithm are summarized in

Corollary 16. Letuy, ..., Uy, Vy, ...,V and Wy, ..., Wg bein the outputs of Bronstein’s algorithm. Then
(i) dimp T™'M = d;

(i) 17wy, ..., 17wy form an E-basis of T~'M;

(iii) for every submodule N of M,N = N + (&{_,Fu;) & (®[_,Fv;) .

Proof. The first conclusion is direct from Lemma_10. The second follows from Lemma 10 and the fact
thatw;+0y, ..., wy+0y form an F-basis of M /0y,. The last is immediate from Proposition 14 (ii). O

Example 17. Let F = C(x, n, k), §x = % be the derivation with respect to x, and o;,, o} be the shift
operators with respect to n and k, respectively. Let R = F[dy, 0, 9] and Ry = F[d,, d¢]. Suppose

that M is an R-module of dimension five, and that by, ..., bs is an F-basis of M with the associated
matrices
kt1 _ 1 __nk n _1
2xk 2xk x(k+1) x(k+1) 2xk
_ —k+142x 142x _ K’n nk _ = 142kx—2x+2k
2xk 2kx x(k+1) x(k+1) 2kx
A, — K24kt2xn42n  _ k+2xnd2n k _ 1 —k+2kxn—2xn+2nk—2n
X = 2kx 2xk x(k+1) x(k+1) 2xk ’
k2+k+2xn+2n _ k+2xn4+2n __k 1 —k+2kxn—2xn+2nk—2n
2x 2x x(k+1) x(k+1) 2x
x+1 _xt+1 _ _nk n x+1)(k—1)
xk xk x(k+1) x(k+1) xk
n+1)(k+1) _ n+1 _ (n+Dnk (n+Dn _ n+1
nk nk k+1 k+1 nk
1-nk+k 1 _ K@mthn  (n+Dnk _ 14nk
nk nk k+1 k+1 nk
A = (n+1)(k2+k+n) _ (n+D(ntk) nk __n_ (n+1)(—k+nk—n)
n nk nk k+1 k+1 nk
K2ndnktk®tkn?4+n _ nkdkdn®4n _ nk n (n+1)(=k+nk—n)
n n k+1 k+1 n
1 _1 _ (n+Dnk (n+Dn k=1
k k k+1 k+1 k
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and
_k+1 1 _ n 1
k k n k k
_ 2k+1 k+1 - n(k+1) k2 —k—1
X 3 n(k+1) 3 3
A = _ 2kt 14k —nk k+1—nk 1 1 k+-14-k?n—nk
¢ k k k k
D@k 1K —nk) (k1) (k1K) 1 1 (k+1) (k+1+k*n—nk)
k k k k
1 -1 —n % k—1

We now compute BM via the F[d,, dx]-module structure of M, that is, the action of the differential
operators dy is ignored.

One verifies easily that both A,, and Ay, are singular. We get that

_ K*4nk43k+242n 2n+nk _ 2nk4n4nk? —1-n?k—n?i? 1 0
_ nk—n2k+n+1 nk—n2k+n+1 nk—n2k+n+1
Py =
nk®43nk+14n242n  _ n?4nk4ndl nk+n 0 1
nk—nZk+n+1 nk—nZk+n+1 nk—nZk+n-+1

is an F-basis of the left kernel of A,;, and

K%+ 142k-+nk-+n _ nk+n+k+1 _ n?k%4nk® —2nk—k—n®k+1 1 0
— n2k+nk—n2—2—2n n2k+nk—n2—2—2n nZk-+nk—n2—2—2n
P, =
24nk? 4 k% dnktkbn?42n __nktkdn?4242n _ nk-+k 0 1
n2k+nk—n2—2-2n n2k+nk—n2—2-2n n2k-+nk—n2—2-2n

is that of Ay.
Set U to be the set consisting of the non-zero elements of arj](Pl)(bl, b,, bs, by, bs)’
and ok”(Pz)(b], b,, b3, by, bs)™. Applying Algorithm LinearBasis to U, we find that {wq, w,} is an

: _ nk?+n2k—1 n2+nk+1 n
F-basis of RyU where w; = b; + (R b; — GZE; by + Ebs and

W —b +nk3+nk2+n2k—1b nk2+nk+1+n2b +n+kb
2T k+ Dk ? k+ Dk T

and that {b; + RyU, by 4+ RoU, bs + RqU} is an F-basis of M /(RoU) with the associated matrices

n+n?k+1 n—n?+1 0

n(k+1) n(k+1)
B, = k(n—=n?4+1)  nk+n?+k
n(k+1) n(k+1)
_w o
k+1 k+1
and
n2k—14n2k34n2k2 k2 n24242k4n?i24n2k  n(1+k+k?)
k(k+1) k(k+1) k
By, = n2k—1-2k+n?k3+n’k? _ n’+k+n?k24nk (k+Dn
k k k(14+k+k2)
n(—14k*—k) n(1—k*+k) k
k+1 (k+1k

Since both B, and By are invertible, the algorithm stops. So {wy, w,} is an F-basis ofﬁM and {bs +
O, bg + Oy, bs + Oy} is an F-basis of M /0y with the associated matrices B, and By.

Let us look at the case where R is a commutative domain. Assume that the elements ty, . . ., t, of R*
generate a multiplicative monoid T, which is clearly an Ore set. Note that each oy, in (2) is an identity
map on F for all i with 1 < i < p. Bronstein’s algorithm enables us to compute an F-basis ofa,w and
an F-basis of T~'M, provided that a finite F-basis of M is given.

Below is an example from Kehrein et al. (2005, Ex. 4.2.8).
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Example 18. Let R = Q[X, Y] be a commutative domain. Then
T := {x¥1Y* | forany ki, k; € N}

is a left (and right) Ore set of R and Ry = R. Let M = Q> with the standard basis
e; =(1,0,0)°, e; = (0,1,0)°, e; =(0,0,1)".

Define an R-module structure on M by two actions X (e, e,, e3)" = Ax(eq, e,,e3)"andY (e, e, e3)" =
Ay (e] , €2, e3)’ where

0 1 1 0 1 0
Ax = 0 2 1 and Ay = 0 1 1 .
0 1 1 0 1 0

We now apply Bronstein’s algorithm to compute Oy Note that both Ay and Ay are singular. We
compute that P = (1,0, —1) is both an F-basis of the left kernel of Ay and that of Ay. Setv =
P(e;,e;,e3)" = e; — es. Applying Algorithm LinearBasis, we find that v is an F-basis of Rv, and
that {e; 4+ Rv, e3 4 Rv} is an F-basis of M /Rv with the associated matrices By and By, which are

2 1 1 1
BX:<1 1) and By:<1 O)

Since both By and By are invertible, the algorithm stops. So ; —ej3 is an F-basis ofaM and {e; —|—6M, es+
O} is an F-basis of M /0y with the associated matrices By and By. By Corollary 16, {17 'e,, 17 Tes} is
an F-basis of T™'M.

The above example was used in Kehrein et al. (2005) to illustrate the Buchberger-Méller algorithm
that computes a Q-basis of ann(M) and a Q-basis of R/ann(M), where ann(M) stands for the set
of polynomials in R annihilating all elements of M. Although the Buchberger-Moller algorithm for
matrices and Bronstein’s in the usual commutative case have different goals, they share certain
similarity. For instance, both take a finite set of commutative matrices as part of the inputs, and both
compute linear bases without forming S-polynomials of any sort.

In summary, we have proved in this section that M /0y and T~'M are isomorphic as R-modules
if M is finite-dimensional. An algorithm is described in this case for computing an F-basis of 0y, and
an F-basis of T~'M, provided that T is a finitely generated submonoid and a left Ore set of both R
and Rg. The algorithm enables us to determine reflexive closures of submodules in M.

4. Equivalence

In this section, we define an equivalence relation among linear functional systems, which allows
us to describe the notion of integrable connections more concisely than in Bronstein et al. (2005).

In the rest of this paper, F stands for a field. Assume that §;,...,8, are derivations
onF, o041, ..., 0y are automorphisms of F, and all these maps commute pairwise. An element ¢ of F
is called a constant if §;(c) = O foralliwith 1 <i < £ and gj(c) = c foralljwith £ 4+ 1 < j < m.The
set of all constants in F form a subfield, which is denoted by C.

Let 8 be the Ore algebra F[04, ..., d;, d¢+1, - - ., Om], Whose commutation rules are given in

Example 3. Let T be the submonoid generated by 9y, 1, ..., dm, which is a left Ore set as shown in
the same example. In terms of the notation introduced in previous sections, we have that R = §
and Ry = F[¢41, . . ., O ]. Moreover, the ring T~! 8 is denoted by £, which is the Laurent-Ore algebra
defined by the §; and o; over F. The modules of p x n matrices over § and £ are denoted by §7*"
and LP*", respectively.
Remark 19. By identifying 9; with 1719; for all i with 1 < i < m, and 81-’] with a;l 1 for all j
with¢ +1 < j < m, we can write £ = F[01, ..., Om, B[J:l, R 8,,‘11] and view it as an extension
of 4.

A linear (homogeneous) functional system over F is of the form

Ay) =0 (5)
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where A € 8P*" and y is a column vector of n unknowns. Let V be an £-module. By a solution of (5)
in V, we mean a vector v = (vq,...,V,)" withvy,...,v, € V such that A(v) = 0. The set of all
solutions of (5) in V is denoted by soly (A(y) = 0), which is a linear space over Cg.

The next example illustrates why we consider the solutions of (5) in £-modules rather than in
4$-modules.

Example 20. Let m = 1and £ = 0 in Example 3. Then § = F[9] and £ = F[d, 3~ ']. The difference
equation o2(y) = 0 has only trivial solutions in any difference ring extension of F. The equation is
expressed as 32y = 0 in terms of module-theoretic notation. It annihilates a nonzero element 1+ £
in the §-module §/ (582), but has no nonzero solution in any £-module due to the presence of 3.

We recall the notion of modules of formal solutions, which connects linear functional systems with
«£L-modules. Let A € 87*" and N be the §-submodule generated by the row vectors of A in §'*", For
convenience, we call N the Ore submodule associated with the system (5). The £L-module £*"/.£N,
where .£N stands for the .£-submodule generated by the row vectors of Ain .£'*", is called the module
of formal solutions of (5).

Since £ = T7'8, £"/£N = T~'(8"™") /TN, which is £L-isomorphic to the localization
T-1(8"/N) by Remark 9.In 8" fork =1, ..., n, set

e,=(0,...,0,1,0,...,0)

with 1 appearing in the kth coordinate. We call e; + £N, ..., e, + LN the canonical generators of
£/ £N, the module of formal solutions of (5). It is clear that

(e;+ £LN,...,e;, + LN)®

is a solution of (5) in «£'*"/.£LN. By Theorem 4 in Bronstein et al. (2005) or Theorem 2.4.1 in Wu
(2005), for every solution v. = (vq,...,v,)" of (5) in an £-module V, there exists a (unique)
£-homomorphism ¢, such that ¢y(e, + LN) = vy for all k with 1 < k < n. In other words, the
canonical generators give rise to a generic solution of the system (5).

Definition 21. Two linear functional systems are said to be equivalent if their modules of formal
solutions are isomorphic as J£-modules.

The next proposition provides a one-to-one correspondence between the solutions of two equivalent
linear functional systems.

Proposition 22. Assume that A and A" are two matrices in 87" and g respectively. If A(y) = 0 and

A'(Yy) = 0 are equivalent, then there exist P € L7 and Q € L£7*" such that, for every L£-module V,
both

¢ : soly(A(y) = 0) — soly (A'(y) = 0)
v — Qv

and

¢’ : soly (A'(y') = 0) — soly (A(y) = 0)
14 — PV

are well-defined Cr-linear isomorphisms with ¢ =1 = ¢/

Proof. Let M and M’ be the modules of formal solutions of the given two systems, respectively. Set
b = (by,....b)"and b’ = (b, ..., b;l,)r , where by, ..., b, and b, ..., b/, are the canonical
generators of M and M’, respectively.

Assume that 6 is an £-isomorphism from M to M’. Then there exist P € L™ and Q € L£"*" such
that @(b) = Pb’ and ~'(b’) = Qb. In particular, we have

b=6""06(b) =6""(Pb) =Po~'(b') = PQb (6)
and, similarly, b’ = QPb'.
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For every v = (vy, ..., V;)? in soly (A(y) = 0), the £L-homomorphism from .£1*" to V sending e,
tovy, k = 1,...,n, induces an £-homomorphism f from M to V sending by tov,, k = 1,...,n.
Therefore, f o 6~' belongs to Hom(M’, V). Consequently, f o 6" (b') belongs to soly (A'(y") = 0),
because b’ is in soly’ (A'(y') = 0). On the other hand,

fo67'() =f(Qb) = Qf (b) = Qv. (7
So ¢ is well-defined. In the same vein, ¢’ is well-defined. For every v € soly (A(y) = 0), we compute:
¢’ op(v) = P(QV) =Pf 007 (b') (by (7))
f(PO~'(b)) (sincef € Hom,(M, V))
f(PQb) =f(b) (by(6))
V.

Similarly, ¢ o ¢’ (V') = V' for all v’ € soly (A’(y') = 0). Therefore, ' = ¢'. O

Given a linear functional system X, the dimension of its module of formal solutions as a vector
space over F is called its linear dimension. We say that X is d-finite if its linear dimension is finite. We
are going to show that a d-finite system is equivalent to a fully integrable system defined below.

Consider a first-order system of the form

0;(z) = Biz, whereB; € F"™*"fori=1,...,m. (8)
The system (8) is said to be integrable if

BsB; + 8i(Bs) = BiBs + 65(B;) (1<i<s<4),
Uj(Bs)Bj = Us(Bj)Bs L+1<j<s<m), (9)
BiB; + 6;(Bj) = 0;(B)B; (1<i=<{, L+1=<j=<m).

These integrability conditions are derived from 9;0;(z) = 09;0;(z) with z viewed as a vector of
indeterminates. Moreover, (8) is said to be fully integrable if it is integrable, and By, 1, ..., By, are all
invertible. ,
Note that the system (8) can be rewritten as a linear functional system B(z) = 0, where B € 8™ *"
is the stacking of n x n blocks 90, - I, — By, ..., Oy - I, — By, with I, the identity matrix of size n.
The next lemma will help us construct an F-basis of the module of formal solutions of an integrable
system using merely Ore algebras.

Lemma 23. Let N be the Ore submodule associated with the first-order matrix system (8). Then we have
the following.

(i) If (8) is integrable, then e; + N, ..., €, + N form an F-basis of the 8-module 8'*"/N, and B; is the
matrix associated with 0; for alliwith 1 <i < m. .
(i) If (8) is integrable, then its module of formal solutions is §-isomorphic to 8" /N.
(iii) If(8)is fully integrable, then e; + LN, ..., e, + LN form an F-basis of its module of formal solutions,
and By, . .., By, are the respective associated matrices.

Proof. For every i with 1 < i < m, the row vectors in the block 9; - I, — B; are

n n
8,‘81 — Z b(]’,ieh, ey 8,-e,, — Z bf:}zeh,
h=1 h=1

where b;,? stands for the element at the jth row and hth column of B;. Denote by G the set consisting of
these row vectors. Then N is generated by G over $. Remark that the integrability conditions (9) imply
that G is a Grébner basis of N in 81" with respect to a monomial order, in which o;e; is higher than ey
foralli € {1,...,m}andj, k € {1,...,n}. Thus, every element of §'" is congruent to a unique
F-linear combination of eq, ..., e, modulo N. It follows that e; + N, ..., e, + N form an F-basis
of 81" /N. Expressing (8) in terms of the elements of 8'*" yields

di(er,...,e,)" =Bi(eq,...,e,)" modN,
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for 1 < i < m.So B; is the matrix associated with 9; and the basise;+N, ..., e,+N. The first assertion
holds.

From the first assertion, §'*"/N is finite-dimensional, so is 5””/1/\!\. Then the second assertion
follows from Corollary 12.

Assume that (8) is fully integrable. Then By, 1, ..., By, are all invertible. The zero submodule
of 81%" /N is reflexive by the first assertion and Lemma 13. Hence by Lemma 10 and Remark 9, " /N
is 8-isomorphic to .£'*"/.£N. This implies the last assertion. O

Corollary 24. If X and X’ are two equivalent fully-integrable systems, then there exists an invertible
matrix P over F such that the map v + Pv is a Cg-linear isomorphism from soly (X) to soly (X") for any
L-module V.

Proof. Since X and X’ are equivalent, by Lemma 23(iii) they both have the same size, say n. Then the
matrices P and Q given in Proposition 22 are n x n matrices. The canonical generators of the module
of formal solutions of X (resp. X’) form an F-basis by Lemma 23(iii). So both P and Q can be chosen
as invertible matrices over F. 0O

By a A-extension of F, we mean a commutative ring E containing F such that the maps §1, ..., §,
and oy¢41, ..., on can be extended to the derivations on E and automorphisms of E, respectively. A
A-extension E of F can be viewed as an .£-module, in which d;a = §;(a), dja = oj(a) and Bj_]a =
aj_l(a) foralla € E,i € {1,...,¢}andj € {£ + 1, ..., m}. In practice, we are more interested in
solutions contained in a A-extension than solutions in an .£-module.

For a fully integrable system of size n, there exists a A-extension E of F and an n x n invertible
matrix W over E such that each column vector of W is a solution of (8) (see Theorem 1 in Bronstein
etal. (2005)), We call W a fundamental matrix for the given system. The next proposition characterizes
two equivalent fully-integrable systems in terms of their fundamental matrices.

Proposition 25. Let X and X’ be two fully integrable systems over F. Assume that W is a fundamental
matrix of X in a A-extension E of F.

(i) If ¥ and X' are equivalent, then there exists an invertible (square) matrix Q over F such that QW is a
fundamental matrix of X’ in E.

(ii) Ifthere exist a fundamental matrix W’ of X’ in E and an invertible matrix Q over F such that W’ = QW,
then X and X’ are equivalent.

Proof. Assume that X is of the form (8) and X’ = {9,(z) = Bz, . .., 9n(z) = B}z}.

First, we assume that ¥ and X’ are equivalent. Then both ¥ and X’ are of the same size n by
Lemma 23 (iii). By Corollary 24, there exists an n x n invertible matrix Q over F such that v — Qv
is a Cp-linear map from solg (X)) to solg(X’). So QW is a fundamental matrix of X’. The first assertion
holds.

Assume now that W’ and Q are given as in the second assertion. Since Q is a square matrix, both W’
and Q have size n, and so does X’. Denote by M and M’ the modules of formal solutions of X and X’,
respectively. Assume further thatb = (by, ..., b,)" (resp. b’ = (b], ..., b)) is the column vector
consisting of the canonical generators of M (resp. M"). It follows from Lemma 23 (iii) that, for all i
with1 <i<m,

%b=Bb inM and b =Bb inM.
Define 6 to be the F-linear isomorphism from M’ to M given by 6 (b’) = Qb. We claim that
9,;60(b) =0(o;b") foralliwith1 <i<m. (10)
The F-linearity of & implies that
2;0(b") = 9;(Qb) and 0(9;b’) = 6(Bb") = BiH(b') = BiQb.
Therefore, the claim holds if 9; (Qb) = B;Qb for all i with 1 < i < m, which is equivalent to that
§i(Q+QBi=BQ (1<i<¢) and 0i(Q)B=BQ ((+1<i<m), (11)



724 Z. Li, M. Wu / Journal of Symbolic Computation 47 (2012) 711-732

because {by, ..., b,} is an F-basis. By the discussion after Corollary 24, ;W = B;W (resp. oW’ =
B/W’) means &;(W) = B;W (resp. §; (W/) = BiW')foranyi € {1, ..., £}, because the coefficients
of W and W’ are in A-extensions. Applying §; to W' = QW yields
BW' = B.QW = (8;(Q) + QB)W.

It follows from the invertibility of W that the first equality in (11) holds. The second follows from a
similar calculation. This proves claim (10).

By Lemma 23 (iii), every element v’ in M’ can be written as f'b’, where f € F'*", Thus, ;6 (V') =
0 (9;v') follows from the commutation rules (ii) and (iii) in Example 3, claim (10) and the F-linearity
of 6. O

The next corollary is immediate from the above proof. It shows that the notion of equivalence is a
generalization of that on page 7 of van der Put and Singer (2003).

Corollary 26. Let
{01(z) = B1z, ..., 0m(z) = Bz} and {0:(z) =Bz,...,0n(2) = Bz}

be two fully integrable systems of the same size. Then they are equivalent if and only if the equalities in (11)
hold.

A fully integrable system is called an integrable connection of a d-finite system if it is equivalent to
the d-finite system. Clearly, all the integrable connections of a d-finite system are equivalent to each
other. One way to construct integrable connections is given in Bronstein et al. (2005) and Wu (2005,
§2.4.4). Another way to compute them will be described in the next section.

5. Computing integrable connections

In this section, we present an algorithm for computing the integrable connection of a d-finite
system. The algorithm is based on the following lemma.

Lemma 27. Let X' be a 0-finite system with n unknowns, and N the Ore module associated with X.

(i) If L£L1"/ LN has an F-basis by, ..., by with the associated matrices By, ..., By, then {9;(z) =
Biz}1<i<y is an integrable connection of X.
(i) If 8" /N has an F-basis by, . . ., by with the associated matrices By, . . ., B, then {8;(z) = Biz}1<i<m

is an integrable connection of X.
Proof. For brevity, we denote {9;(z) = Biz}1<i<m by X’. The matrices By, ..., By, satisfy (9) by the
linear independence of by, ..., by and the commutativity of 9; and 9; for all i, jwith 1 <i <j < m.
For every j with £ + 1 < j < m, we compute
(bi.....bg)" = 37 '9(by,....by)" =37 (Bi(by,....bg)")
= o, (B by, ..., by)".

The linear independence of by, . . ., bq then implies that B; is invertible. Hence, X" is fully integrable.
Denote by N’ the Ore module associated with X’.Fork =1, ..., d, write

e, =(0,...,0,1,0,...,0),
where 1 appears in the kth position. By Lemma 23 (iii), e; + £N’, ..., e; + £N’ form an F-basis
of £1*4/£N" and

di(e1 + LN, ..., e; + GCN/)T = Bi(e; + LN, ..., ey + £N/)T
foralliwith 1 <i < m.Since bothb,...,bsande; + LN, ..., e; + LN have the same associated

matrices, the F-linear map defined by b, — e, + LN’ for all k with 1 < k < d is an £-isomorphism
from £1"/£N to £1*¢/£N’. The module of formal solutions of X is £-isomorphic to that of X’. The
first assertion is proved.

Recall that T is the submonoid generated by 941, ..., dn and that £ = T-18.Set M =
87" and ¢ to be the $-isomorphism from M/N to T~'M/T~!N given in Corollary 12. Note
that T-'M/T"'N = £'™"/£N. Then ¢(by), ..., ¢(by) form an F-basis of £'*"/LN with the
associated matrices By, . . ., By,. It follows from the first assertion that X’ is an integrable connection
of ¥. O
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With the notation introduced in Lemma 27, we proceed as follows to find an integrable connection
of X. First, compute a Grébner basis G of the submodule N in the free Ore module $*". The basis G
allows us to determine if 8" /N is finite-dimensional over F. If it is, we construct an F-basis of 1" /N
using Bronstein’s algorithm. The F-basis yields an integrable connection by Lemma 27(ii). Otherwise,
we compute a Grobner basis of £N in the free Laurent-Ore module £1*", and apply Lemma 27(i).

Remark that when X is a first-order system of the form (8) then $'"/N is clearly finite-
dimensional. Moreover, if X is an integrable (first-order) system then an F-basis of $'*"/N and the
associated matrices are already known from Lemma 23(i). In this case there is no need to compute any
Grobner bases, and we can directly apply Bronstein’s algorithm to obtain an integrable connection.

These considerations lead to the following algorithm.

Algorithm IntegrableConnection. Given a p x n matrix A over 4§, determine whether the
system A(y) = 0 is 9-finite. When it is d-finite, compute matrices By, ..., B, € F*%and P € F™¢
such that

(i) dis the linear dimension of A(y) = 0;
(ii) {0;(z) = Biz}1<i<m is an integrable connection of A(y) = 0;
(iii) & +— P& is a Cp-isomorphism from soly ({9;(z) = Biz}1<i<m) to soly (A(y) = 0) for any
£L-module V.

In the following description, we assume that N is the §-submodule generated by the row vectors
of Ain 8" Recall that, forall k with 1 < k <n,e, = (0,...,0, 1,0, ..., 0) with 1 appearing in the
kth position.

(1) If A(y) = 0 is of the form of a first-order system
{0i(y) = Aiy}1<i<m where A; € F"", (12)

then do the following.
(1.1) Determine if (12) is fully integrable.
(1.2) If (12) is fully integrable, then return Ay, ..., A, and I,. [A(y) = O is itself an integrable
connection.]
(1.3) If(12)is integrable, thensetq := n,b; := e; + N foralliwith 1 <i < n,and V; := A; for all j
with 1 <j < m, and go to Step (4.2). [There is no need to do any Grébner basis computation.]
(2) Compute a Grébner basis G of N in 8%,
(3) Setq := dimy 81" /N.1f ¢ = 0, then return @. [A(y) = O is inconsistent.]

(4) If q is finite, then do the following.

(4.1) Use G to compute an F-basis by, ..., by of 81" /N and the matrix V; associated with 9; for
alliwith1 <i<m.

(4.2) Call Bronstein’s algorithm to the F[d¢,1, ..., dn]-module ST /N to compute an F-basis
Wy +N,...,w;+Nof N/Nwithws; € Nford+1 <s < g,anF-basisvi+N, ..., vg+N
ofzslxn/ﬁ withv, € 8" for 1 < t < d, and the d x d matrices By, 1, ..., By associated
with 9g41, . . ., O and the latter basis, respectively.

(4.3) If d = 0, then return ¢. [A(y) = 0 is inconsistent].

(4.4) Use the two F-basesvy +N, ..., vg+N, W41 +N,...,wg+Nandby, ..., by of 81<" /N
to construct an invertible matrix Q € F4*? such that

(vi+N,...,vg+N,wgi 1 +N,...,w; +N)" =Q(by,...,by)". (13)
SetU; = §;(Q)Q '+ QV;Q ' forj = 1,..., €. Take the first d rows and the first d columns
of Ujto formad x d matrix Bj for 1 <j < £.

(4.5) Compute a matrix P € F"id suchthat R

(e;+N,...,e, -f-N)r = P(v; —i—N,...,VdiN)T,
[which yields (e, ..., e,)" =P(vq,...,Vy)" mod N.]
Return By, ..., B, and P.
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(5) If q is infinite, then compute a Grobner basis H of £N in .£'*" and set
d := dimg £/ £LN.
If d = oo, then return oco; [A(y) = 0 is not d-finite.] If d = 0, then return ¢J; [A(y) = O is
inconsistent.]
Otherwise, use H to compute an F-basis vi + £N, ..., vq + £N of £L1*"/£N, and the matrix B;
associated with 9; and the basis for all i with 1 < i < m. Find a matrix P € F"*¢ such that
(e + LN, ...,e; + LN)" =P(v; + LN, ...,vg+ £LN)",
[which yields (eq, ...,e;,)" =P(vq,...,vg)" mod L£N.]
Return By, ..., B, and P.

The above algorithm terminates obviously. To prove its correctness, let us first consider the case
in which dimg 47" /N is finite. Steps (1.1) and (1.2) are clear. Step (1.3) yields desired results for Step
(4.2) by Lemma 23(i).

Steps (2), (3) and (4.1) are evident. By Corollary 12, d is the linear dimension of A(y) = 0. Assume
further that d is positive. Note that, for all k with£ +1 < k < m,

WWi+N, ... Vg+N) =B(vi+N,...,vg+N)* (14)

by the definition of the matrices By's.
It follows from (13) and the definition of U; forj = 1, ..., £ that

i(vi+N,...,v¢g+N,wg1 +N,...,wg +N)’
=Ui(vi+N,....,vg+ N, Wap1 +N,...,wg +N)".

Since wgy1, ..., wy belong to N we have that, foralljwith1 <j < ¢,
%(vi +N,....vg+N)* =Bj(vi +N,...,vg+N)". (15)

Lemma 27(ii), together with (14) and (15), implies that {9;(z) = Bjz}1<i<m is an integrable connection
of A(y) = 0.

The matrix P obtained from Step (4.5) is the same as the matrix defining 6 given in the
proof of Proposition 22. Thus, the same proposition implies that P gives rise to a Cg-isomorphism
from soly ({0;(z) = Biz}1<i=m) to soly (A(y) = 0) for every £-module V. We can choose P € F"*¢
because by + ﬁ ...,bg+ N form an F-basis of 5“"/&. This proved the correctness of Step (4).

Lemma 27(i) and the same argument used for the correctness of Step (4.5) assert that Step (5) is
correct.

[Convention] For a matrix A, its submatrix consisting of entries in the iy, ..., i, rows and jq, ..., ju
columns is denoted

A 11 e, i.m
Ji, ooy In '
Example 28. Set F = C(x, n, k). Let 8, = d% be the derivation with respect to x, o, and oy be the

shift operators with respect to n and k, respectively, and § = F[dy, 0y, d¢]. Consider the first-order
differential-difference system of size five

{0x(¥) = A, 0(Y) =AY, Ok(Y) = Ay}

where A,, A, and Ay are the same as those in Example 17.

One verifies easily that Ay, A, A satisfy the integrability conditions but both A, and A, are singular,
so the given system is integrable but not fully integrable. Let N be its associated Ore submodule.
Then 8'*°/N is the module M in Example 17 with b; := e; + N fori = 1, ..., 5. According to the
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computation in Example 17, we have that

(i) N/N = Ogus,y = Fw; @ Fwy with wy = by + Emtriclp,  mianilpy, o i and w, =

(k+1)k
Ic3n+k2n+n2k—l _ Iczn-knk-o—l-kn2 n+k .
b, +A (k+1k_ 3T kK b, + k bs; R
(ii) e3 + N, e4 + N, e5 + N form an F-basis of §1*° /N with the matrices
nn?k41 _nz—n—l 0
(k+1)n (k+1)n
_ _ k(®-n—1)  nk+n?+k
B, = (k+1)n (k+1)n 0
Pk P
k+1 k+1
and
n2k—1+3n2 k22 k2 n?4242k+k2n?+nk n(k+14k%)
k(k+1) k(k+1) k
B, = n2k—1-2k+k3n?+k?n? _ n?4ktkPn? 40k (k+Dn(k+1+k%)
k k k
n(—1+k*—k) _ n(=1+k*—k) k
k+1 k(k+1)

associated with 9, and 9y, respectively.

Clearly, the transforming matrix from the F-basis {bs, b4, bs, w{, w,} to the F-basis {bq, ..., bs}
of 815 /N is

_f 032 I3
o=(" %)

where 03, denotes a (3 x 2) zero matrix and Bis a (2 x 3) matrix of the form

K2n4n?k—1 _ n?4nk41 n
B = (k+1)k (k+1k k
- KBntkingnk=1  Kntnk+14n2  ntk '
(k+Dk (k+1)k k
1_( —B I ) . ( A1 A2 ) . .
NotethatQ ™' = ( o 05 and partition A, as Aoi Ao in which
1 2 1 2
Ax11:AX<1 2)7 AX]ZZAX<3 4 5>a
3 4 5 3 45
Ax21:AX<1 2)3 AXZZZAX<3 4 5)

It follows that
Uy = 8&(QQ '+ QAQ !

_( 933 030 4 A1 A2 —B I
(B) 022 A1 + BAx1  Axiz + BAxo L 03, )°

Taking the first 3 rows and the first 3 columns of Uy yields the matrix

n2k+14+2nkx+2k _ n?+1+42xn? n(1+2x)
2(k+1)x (2k+2)x 2x
2 2 20 b 2
Bx — _Ax21B +Ax22 — k(n“k—142nkx) _ n°k—k—242n°kx kn(142x)
(2k+2)x (2k+2)x 2x
kn_ _n X1
k+1 k+1 X

associated with dy and the F-basis {e; + N, 4 + N, es + N} of 1%5/N. So
{0x(2) = Bz, 9,(z) = Bnz, 0k(z) = Biz}

is an integrable connection of the original system.
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In addition, the matrix defining a C-linear isomorphism from the solution space of the integrable
connection to that of the given system, can be read off from the above F-linear expressions of w;
and w; as:

_ Kntn’k—1 n?4nk41 _n
(k+1k (k+1)k k
_ k3n+k2n+n2k—1 I<2n+nk+1+n2 _ n+k
(k+1)k (k+1k k
P = 1 0 0
0 1 0
0 0 1

Clearly, the linear dimension of the given system is three.

Example 29. Let F = C(n, k), and o, and o, be two shift operators with respect to n and k respectively.
Let 8§ = F[0,, di] be the corresponding Ore algebra. We now compute linear dimension of the partial
difference system A(y) = 0 where

On + —1 —1+ ko, —k
K2 —n?43k+1-2n K2 —4n—3—n?+k
0 O + k2 +k—1—2n—n? 0 On + k2+k—1—2n—n?
0 0 On -1
k—n _ —k+n+1
a” k24-k—1—2n—n2 0 an k24-k—1—2n—n2
A= k—n —k+n+1
On + Ok [ — 1 h — T
oy —1 4 0 0 —1
_ k% 4-3k+2—n? 2n
—n2+k2+k 0 O + —n2+k2+k 0
2.2 _ _on—
0 __ko—n“+43k+1-2n 0 ak 2n—2

k2 +k—1—2n—n? T K+k—1-2n—n2

is an 8 x 4 matrix over 4. Let N be the associated Ore submodule. Computing a Grobner basis of N
yields that

b] :=e;+ N, b2::e2+N, b3::e3+N, b4::e4+N

form an F-basis of §1*#/N with the associated matrices

0 1 0 0
0 —k—n—2 —k%+3n+2+n?
A — k2-+k—1—2n—n? k2-+k—1—2n—n?
4 0 0 0 1
0 —k2+n?—2k+1+3n 0 —k+n+1
k2 +k—1—2n—n? k2 +k—1—2n—n?
and
0 0 1 0
0 0 0 1
Ac=| K2+3kr2-n? 0 —on 0
—n2+k2+k —n24+k2+k
0 k2—n?43k+1-2n 0 —2n—2

I2+k—1—2n—n2 12 +k—1—2n—n?
Applying Bronstein’s algorithm to the §-module

$V4/N = Fb; & Fb, @ Fbs @ Fby,
we find that

NN _ _ k—n K2—n?+k _
(i) N/N = Fw; & Fw, where w; = b; + PV - bs + 2,<7n+1+k27n2b4 and w, = b, +

k2+k—1—2n—n2b _ k+n+1 b,
2k—nt1+kZ—nZ 3 2k—nt+1+kZ—nZ "4
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(ii) {es + N, es + N} is an F-basis of S'4 /N with the associated matrices

0 1

By =\ K-n?y2k—1-3n _  ok+2

2k—n+1+4k?—n2 2k—n+1+k%—n2
and

_ k+ny2 __kP43kt2-—n?

B, — 2k—n+1-+k%—n? 2k—n+1+k2—n?

k = 22 .
_ kf—n"4+3k+1-2n k+1—n
2k—n+1+k?—n? 2k—n+1+k%—n2

Therefore, an integrable connection of the given system is {9,(z) = B,z, dx(z) = Biz}. The matrix
defining a C-linear isomorphism from the solution space of the integrable connection to that of the
given system is

n—k n%—k*—k
2k—n+1+k2—n2  2k—n+14+k?—n2
n2+42n+1—k?—k k4n+1

P = 2k—n+1+k2—n2  2k—n+1+k2—n?
1 0
0 1

So the given system has linear dimension two.

To illustrate Step 5 in Algorithm IntegrableConnection, we recall the method in Wu (2005, §2.4.4)
for computing Grobner bases in finitely-generated free modules over £. Another method is given
in Zhou and Winkler (2008).

Recall that § = F[d4, ..., d¢, ¢+1, - - - » Om]. TO construct an extended Ore algebra of $, note that o;
is an automorphism for alliwith £ + 1 < i < msois a,-’l. Let O¢41, ..., Oy be indeterminates
independent of 9,41, ..., Om. Then 8 = $[6p41; 0[_31, 0] [6m; onj], 0] is also an Ore algebra over F.

Recall that, for k = 1,...,n,e, = (0,...,0,1,0,...,0) with 1 appearing in the kth position.
Consider the 8-module homomorphism @ : 8" — £1%" given by dej Bid"ek — 8jfdj a,.‘"‘ek for1 <
i<mf+1<j<mand1 <k < n.It follows that ker(®) equals the (left and right) §-module
generated by 6;0,ey — e forj=£+1,...,mandk=1,...,n

Let P be a subset of £ consisting of power products of the form 34‘1 -~-32‘K 82?11 <+ gkm for

all ky,...,k; e Nand kg4 1, ..., kn € Z,and let P denote a subset of 8 consisting of power products
of the form 8" - - 89, - akn for all ky, . .., ke € N. We define

Definition 30. Let p, ¢ € P. We say that p divides q in the sense of Laurent if the following conditions
are both satisfied:

(i) degy, p < degy, qforalliwith1 <i < ¢;

(ii) either 0 < degaj p< degaj qor degaj q< degajp <Oforalljwithf+1<j<m.

Remark that, unlike in the usual sense, aj*‘ does not divide aj‘ in the sense of Laurent for any s, t € Z*
andjwith¢ +1<j<m.

A monomial of £1*" is an element of the form p e; where p € Pandi e {1,...,n}.Set P, to be the
set of all monomials in .£'*". For two monomials p e; and q e in $1" with p, ¢ € P, we say that p e;
divides q e; if i equals j and p divides g in P. Denote by P; the set of all monomials in 8" that are not
divisible by any 9;6;e for all jwith £ 4+ 1 < j < mand kwith 1 < k < n.Thenthemap p : Py — P,
given by e, — 0;e; and e, — Bj’lek, forl1 <i<mf+1<j<mandl1 < k < n,is
a restriction of @ and gives a well-defined correspondence between monomials of 8" and those
of L1%", Clearly, p is bijective.

Let < be amonomial order in 81", For two monomials p e;, g e; € P, withp, ge P,wedefinepe; <
qe; if o l(pe) < ,o*l(qej) in Pz. Such an ordering is called an induced order on P, with respect
to <. Leading monomials (coefficients) and a division algorithm can be defined for elements of .£1*"
likewise. Then the following definition is quite natural.
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Definition 31. Let M be a submodule in .£'*". Given a monomial order < in $'*", a finite subset G C
M is called a Grobner basis with respect to an induced order on P, if the leading monomial of every
element of M is divisible in the sense of Laurent by the leading monomial of some element of G.

The next proposition yields an algorithm for computing Grébner bases in £1<",

Proposition 32. Let M be a submodule of °C]X”_and @ be defined as above. If G is a Grobner basis
of @~ 1(M) with respect to a monomial order in 8", then ®(G) is a Grébner basis of M with respect
to the induced order on P.

Example 33. Let F = C(ny,np). Fori = 1,2, let o; be the shift operator with respect to n;
respectively, § = F[d1, d;] and 8 = F[0d4, 05, 61, 62]. We now compute linear dimension of the ideal I
generated by two partial difference operators

Ly =0102(01 +1) and L, = 010,(0, + 1)

in 4. An easy Grobner basis computation shows that /1 is infinite dimensional over F. Now view Ly, L,
as elements of § and compute a Grobner basis of the ideal I generated by

Ly, Ly, 01601 — 1, 0,0, — 1,

in 8 with respect to an elimination order on 4§ in which any monomial in 6’s is greater than those
in 9;'s. We get that {0, + 1, 9, + 1, 61 + 1, 6, 4 1} is a Grobner basis of I. By Proposition 32, {0, + 1,
d + 1, 81_1 + 1, 32_1 + 1} is a Grébner basis of the ideal £ of £. So the linear dimension of I
is one.

6. Summary

In this paper, we studied how to construct a linear basis of an Ore localization of a finite-
dimensional module M, and proved that N = N + Oy for all submodules N of M. Using module-
theoretic language, we described Bronstein’s algorithm for determining 0y, and M /0y,. An equivalence
relation among linear differential (difference) equations was extended to linear functional systems.
An algorithm was presented for transforming a d-finite system X to its integrable connection, which
is fully integrable and equivalent to X.

Appendix. A detailed description of Algorithm LinearBasis

Let R be a noncommutative domain containing a field F, T a left Ore set of R, and Ry the F-linear
subspace spanned by T. Assume that T is also a left Ore set of Ry, and is generated by t1, ..., t,. Let M
be an R-module with an F-basis by, ..., b,, and denote by A; the matrix associated with ¢; for all i
with1 <i <p.

Let V be the subspace generated by a given finite set of nonzero elements of M. From the generators,
one can obtain an F-basis of V using Gaussian elimination. Without loss of generality, we assume that

an F-basisb), ..., b}, of V,with0 < m < n, is given by

(b}, ..., b})" = (Um, B)(by, ..., by)", (16)
where I, is the identity matrix of size m and B is an m x (n — m) matrix over F. Then
by, ...,b,, bui1, ..., b, formanew F-basis of M with

/ I B
(bl,...,b;n,bmﬂ,...,br,)r:( oo )(bl,...,bm,bm+1,...,bn)’.

Since tj(by, ..., by)" = Ai(by, ..., by)" fori = 1, ..., p,the matrix associated with t; and b/, ..., b},
buit, ..., byis

_(In 0B \, (Im B .
C,_<O I A; 0 I, fori=1,...,p, (17)
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where o;(B) means applying the action of o; on each entry of B. Partition the matrices

(N 412 an  ~(12)
A0D ¢ cv ¢

Ai =< Q02 ) and G =< @y A2 )
Ai Ai Ci Ci

where A1V, 0D @ prxm 40D C12 ¢ pmxem 4@V @D ¢ poemxm gng 42D @2 ¢
F=m)x@=m) forj — 1, ..., p.Then

Ci(12) _ Algn) _A;H)B + 6i(B) (Ai(zz) _Algan)

and C,-(zz) = Ai(zz) - Ai(mB fori = 1,...,p. From (17), V is an Ry-module if and only if Ci(u) =0
for all i with 1 < i < p. when this is the case, Ci(zz) is the matrix associated with t; and the F-basis
bni1+V, ..., b, + V for the Ry-module M /V.

The next proposition is a summary for the above discussion.

Proposition 34. Let M be a finite-dimensional module over R. Assume that by, . .., b, form an F-basis of
M, and Ay, ..., Ap are the associated matrices. Let V be the F-subspace generated by an F-basis b/, ... b/,
given in (16) where 0 < m < n. Then
(i) the elements b}, ..., b}, byi1, ..., by form an F-basis of M with associated matrices Cy, ..., G,
given in (17);

(ii) the F-subspace V is an Rqo-submodule if and only if C,-(m is equal to zero for alli with 1 < i < p,
When this is the case, the Ro-module M /V has an F-basis by, + V, ..., b, + V with associated
matrices C1(22)’ R CIEZZ);

(iii) fori =1, ..., p, every nonzero entry in the column vector Cl.(u) (bpi1, ..., by)T belongs to RgV \ V.
Proof. The first two assertions hold due to the above discussion. From

g (b, ... b)) =" (b, b))+ P (b, L by

it follows that Cl-“z) (bpt1,-..,by)T = 0 mod RyV, which, together with the decomposition M =
V @& (Fbpy1) @ - - - @ (Fby), implies the last assertion. O

Proposition 34 leads to the following algorithm for constructing an F-basis of a given Ry-submodule
of M.

Algorithm LinearBasis. Given an F-basis by, . . ., b, of an R-module M, the associated matrices Ay, ...,
Ay, and a finite set U of nonzero elements of M, compute

(a) an F-basis of the Ry-module RyU;
(b) an F-basis of the Ryp-module M /(RyU);
(c) the associated matrices with the latter basis.

(1) [Initialize] Set Uy := U.

(2) [Compute an F-basis of FUy] Construct a subsequence: iy,ip,...,0n of 1,2,...,n such
that b;l ..., b forman F-basis of FUy, and an m x (n — m) matrix B over F such that
(bf,. ... b} )" = Un. B) (byy, ... by, by .. by)
[Note that iy 1, . . ., iy is the complementary subsequence of iy, . . . , ip.]
Set Up := {b§1, e, b;m } If m = n, then return

(a) [an F-basis of RyU] by, ..., by;
(b) [an F-basis of M /(RoU)] ¥;
(c) [associated matrices with the latter basis] (.
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(3) [Determine if FUy is an Ro-submodule] Forj =1, ..., p, set

11 i1, .0.0,1 12 PP |
A]( ):: A] 'l ‘m , A]( ):: A] .1 m ,
H, ..., Iy Im+1s -+ -5 In

A<(21) = A] in?+1s e .a in , A€22) = Aj l:m+‘1a ) l:n ,
J , ..., Iy J Im+1y -+ -5 In
where the submatrices argzdefinedzgnder tzhe notational convention in Section 5.
Forj = 1,...,p,seth( ) :=A; ) —A; DB and

(12) ._ 412 (11 o (22)
" =A" —A'VB + 0;(B)CP.

If Cj(m = Oforalljwith 1 <j < p, then return three sequences:
(a) [an F-basis of RoU] by , ..., b; ;
(b) [an F-basis of M/(RoU)| b, + RoU, ..., b;, + RoU;
(c) [associated matrices with the latter basis) C1(22), e c,S”’.
(4) [Update Up] Set

Up := Uy U {nonzero elements in Cj(u)(b,'mﬂ, b)) j=1,...,p}
Go to Step 2.

Algorithm LinearBasis terminates, because by Proposition 34 (iii), the dimension of FU, increases
whenever Uy gets updated in Step 4. It is correct by Proposition 34 (i) and (ii).
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